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A SPACE-TIME PROPERTY OF A CLASS
OF MEASURE-VALUED BRANCHING DIFFUSIONS

EDWIN A. PERKINS

ABSTRACT. If d > a, it is shown that the d-dimensional branching diffusion of index
a, studied by Dawson and others, distributes its mass over a random support in a
uniform manner with respect to the Hausdorff ¢,-measure, where ¢,(x)=
x%loglog1/x. More surprisingly, it does so for all positive times simultaneously.
Slightly less precise results are obtained in the critical case d = a. In particular, the
process is singular at all positive times a.s. for d > a.

1. Introduction and statement of results. The critical multiplicative measure-valued
diffusion process whose spatial diffusion is governed by a symmetric stable process
can be used to model space-time properties of a population and has been studied by
several authors (e.g. Watanabe [1968], Dawson [1975]). Much of the recent work on
this and related processes has been on limit theorems of various sorts (e.g. Dawson
[1977], Holley and Stroock [1978], Iscoe [1986], Cox and Griffeath [1985]). We study
a sample path property of the process, namely the Hausdorff measure of its support
as time varies. Questions of this sort have been answered at a fixed time but virtually
nothing seems to be known about the nature of the random measure over finite time
intervals.

Y, denotes a d-dimensional symmetric stable process of index a € [0, 2], starting
at x € R? under the measure Py, and scaled so that

(1.1) EQ(ei®¥0) = exp(~1|0]"), 6 € R

A denotes the infinitesimal generator of Y on D(4) € C(R?), the space of bounded
continuous real-valued functions on R%. M(R9) is the set of measures on the Borel
subsets of RY, #(R?), and M.(R?) is the set of finite measures in M(R?) equipped
with the topology of weak convergence of measures. We write m(¢) for the integral
fodm. If E is a metric space, C([0, ), E) denotes the space of continuous
functions from [0, o0) to E with the compact-open topology, and € (E) is the class
of Borel subsets.
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The measure-valued diffusions that we study may be characterized as solutions of
a martingale problem (see Holley and Stroock [1978], Dawson and Kurtz [1982],
Roelly-Coppoletta [1986]). The last reference contains a detailed proof of

THEOREM 1.1. If m € M. (RY), there is a continuous M r-valued, adapted process,
X,, defined on a filtered probability space (2, %, %,, P) such that
(i) P(Xo=m)=1,
(i) If ¢ € D(A), then,

X(0) = m(9) + [*X.(40) ds + Z(6),
where Z,(¢) is a continuous, L* F-martingale such that
(Z(8)y, = [ X.(¢7) ds.
0

Moreover the law, Q™, of X on C([0, 00), M) is uniquely determined by (i) and (ii).
O

Setting ¢ = 1 in (ii) and passing to a larger probability space, if necessary, we
obtain

THEOREM 1.2. If X, is as above, there is a one-dimensional Brownian motion, B,,
such that

x,(1)=m(1)+j0‘ X.(1) dB,. O

X,(1) is the continuous state branching process studied by Feller [1951].
Let {S: ¢ > 0} be the semigroup of Y, on C(RY) and let ¢ € C(RY)* (ie,
¢ € C(RY), ¢ > 0). If u(t, x) is the unique solution of

1 ¢
(1.2) u(t,x) = S,¢(x)——2~f0 S,_s(u(s,-)z) ds, u(0,x) = ¢(x),
then (see e.g. Roelly-Coppoletta [1986, Theorem 1.3]) the above process satisfies

E(exp(-X,(6)) = exp(- [ u(t.x) dm(x)).

The right side is continuous in m and standard arguments (Dawson and Kurtz
[1982, Theorem 2.1]) show that Theorem 1.1 implies that X is an %,-strong Markov
process. We call X the d-dimensional branching diffusion of index a starting at m.
We will also assurne (unless otherwise indicated) that X, is the coordinate process on
(C([0, o0), M), €(M[),Q™). Ej or E™, if there is no ambiguity, denotes integra-
tion with respect to Q™.

If d < a, then for ¢ fixed X, has a density a.s. (Roelly-Coppoletta [1986]) and for
d =1, a = 2, it has a density for all ¢ > 0 which is jointly continuous in (¢, x) a.s.
(Reimers [1986]). We are interested in the case d > a. Here, Dawson and Hochberg
showed that X, is a.s. a singular measure for each ¢ > 0. In fact they showed more.
Let dim(4) denote the Hausdorff dimension of 4 C R
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THEOREM 1.3. Assumed > a, t > 0 is fixed, and m € M.(R?).

(a) (Dawson and Hochberg [1979)) X, is a singular measure and in fact is supported
by a random Borel set, A ,(w), such that dim(A ,(w)) < a Q™-a.s.

(b) (U. Zahle [1984]) X,(A)=0 for any A € B(R?) satisfying dim(A4) < a
QM-a.s. O

The exceptional null set depends on . A natural question, which I learned from
Don Dawson, is therefore:

Does Theorem 1.3 hold for all ¢ > 0 a.s., or do there exist
(1.3) exceptional random times and spatial regions at which X,
becomes more diffuse or more singular?

Another related problem is to find an exact Hausdorff measure function associ-
ated with X,.

Notation. #= {¢: [0,8,] = [0, 00): 8, > 0, ¢(0) =0, ¢ strictly increasing and
continuous}.

If $ €# and 4 C RY, ¢-m(A) denotes the Hausdorff ¢-measure of 4, i.e.,

o-m(4) = ;in}) inf{ Y. ¢(dJ;): J; are balls of diameter dJ, < 8
- i=1

[o 0]
such that 4 ¢ |J J,.}.
i=1
(1.4) Is there a ¢ € »# and a Borel support A,(w) of X,(w), such
: that X,(A4) = ¢-m(4A N A,) VA € BR?)?
Notation. If x > 0, letlog* x = (log x) V 0, ¢,(x) = x*log* log* 1/x,

¢ (x) = xlog " 1/x, ¢P(x) = x*(log*1/x)(log*log*1/x),
®D(x) = x*(log* 1/x)".

Our main result answers (1.3) and comes close to answering (1.4) if d > a. Recall
X, is the d-dimensional branching diffusion of index « starting at m € M under
Q™ (as in Theorem 1.1).

THEOREM A. Let d > a. There are constants 0 < c(a,d) < C(a,d) < oo such that
foranym € My and Q™-a.a. w:
V t > O there is a random Borel set A ,(w) which supports X, and satisfies

c(a,d)p-m(ANA,)< X,(4)<C(a,d)p,—m(ANA,) VA€ ZR?). O

The theorem says that X, spreads its mass over its support in a very uniform
manner and does so for all ¢ > 0 simultaneously. It is an immediate consequence of
Theorems 4.5 and 6.3 below. An obvious conjecture, which we have been unable to
verify, is
(1.5) Theorem A holds with ¢(a,d) = C(a,d).

In the critical case d = a (=1 or 2) our results are less precise but still answer
(1.3).
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THEOREM B. Let d = a. There are constants 0 < c(a,d) < C(a,d) < oo such that
forany m € M, and Q™-a.a. w:
V't > O there is a random Borel support for X,, A ,, which satisfies

c(a,d)eD-m(ANA)< X(4) < Cla,d)o® —m(ANA,) VA eBR). O
If # > 0 is fixed the result can be slightly improved.

THEOREM C. Let d = a. There are constants 0 < c(a,d) < C(a,d) < oo such that
foranym € Mg, t > 0 and Q™-a.a. w:
There is a random Borel support for X,, A ,, which satisfies

c(a,d)pP-m(ANA,)< X, (4) < C(a,d)p®P-m(ANA,) VA€ B(RY). O

Theorem B follows from Theorems 4.6 and 6.4, while Theorem C is a consequence
of B and Theorem 4.7.
As an immediate corollary to A and B, we have

COROLLARY D. If d > a and m € M, then X, is purely singular (with respect to
Lebesgue measure) forallt > 0 Q™-a.s. O

The problem of finding an exact measure function for X, if d = a is left
unresolved. A comparison of A and B shows that X, is “more singular” in this
critical case. Our conjecture is

Theorem A remains valid if d = a and ¢, is replaced by

(1.6) oW (x) = x*(log* 1/x)(log* log*log* 1/x).

It would also be of interest to see whether or not the above results remain valid if
A, is the closed support of X,.

All these theorems extend easily to the case when X, = m is an infinite measure
in the class

M, (RY) = {m e MRY): [ (1+]xf') " dm < oo},

where if a # 2 it is assumed that p < d + a (e.g. m = Lebesgue measure). These
extensions are described in §7.

Our approach is based on the well-known construction of X, as the weak limit of a
system of branching stable processes (Theorem 2.8 below). Those unfamiliar with
this process may use Theorem 2.8 as its definition as it is more intuitive and no other
properties of X will be used in the proof of the main results. In §2 a labelling system
(borrowed from Walsh [1986]) is developed for the approximating systems of
branching particles. This labelling system is an important tool as it allows us to
prove sample path results by arguing directly with the sample paths.

To help describe the rest of the paper we first state a theorem of Rogers and
Taylor [1961] that will play an important role. B(x, r) denotes the closed ball in R?
centered at x and of radius r.
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THEOREM 1.4. 3¢(d) > O such that if € #, K > 0 and v € M (R?), then
(a) v(A) < Kop-m(A) whenever A is a Borel subset of

E/(v,9,K) = {x: limfgp v(B(x,a))é(a)”" < K}.

(b) v(A) > c(d)K¢-m(A) whenever A is a Borel subset of

Ey(v,¢,K) = {x: limsup »( B(x, a))(p(a)'1 > K}. m|
all

(a) is a slight refinement of Lemma 3 of Rogers and Taylor [1961] because we
have dropped a multiplicative constant ¢’(d) (note, however, a is the radius of
B(x, a) and not its diameter). This refinement was pointed out by Martin Barlow.
The proof is easy. (b) is a little more general than Lemma 2 of Rogers and Taylor,
which only considers 4 = E,(v, ¢, K). The covering argument given there proves
the result for closed subsets of E, and the inner regularity of ¢-m (Rogers [1970,
Theorems 47, 48 and the ensuing corollaries]) completes the proof.

Turning to Theorem A, we see that to apply the above result one needs probabilis-
tic bounds on the X,-measure of

Sy = {x: X,(B(x,a)) > K¢,(a)}
and
Sz = {x: X,(B(x,a)) < K¢a(a)}'

Estimates of this sort are given in §§3 (for sets like S;) and 5 (for sets like S,).
Instead of X, however, we work with the more explicit approximating systems of
branching stable processes, N (p € N), defined below.

These estimates will be good enough to prove the results for fixed ¢
but interpolation arguments are needed to obtain the desired estimate for all
t € [t,,t, + A] simultaneously from the estimates at the endpoints. §§4 and 6
contain the required interpolation arguments for the upper and lower bounds on X,,
respectively. In these sections we also complete the proofs of the main results by
means of the limit theorem (Theorem 2.8) and the estimates on N®), To carry out
this last step we use nonstandard analysis and, in particular, the Loeb space
construction (Loeb [1975]). It was tempting to fix an infinite p and work with N
throughout as this would have made the proof shorter and more intuitive, but would
have unfortunately cost us a considerable fraction of our audience. As it stands these
final arguments may undoubtedly be standardized via weak convergence arguments
but we felt the Loeb space offers such a superior approach (especially in conjunction
with the labelling system) that it would be silly not to use it. Good introductions to
the Loeb space construction, requiring no prior knowledge of nonstandard analysis,
may be found in Loeb [1979] or Cutland [1983].

If E is a metric space, D(E) denotes the space of cadlag paths from [0, c0) to F
with the Skorokhod J;-topology, 2(E), the o-field of Borel sets and {Z,: t > 0} =
{2,(E): t > 0}, the canonical right-continuous filtration.
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¢, €1, C,, - .. will denote strictly positive constants whose value is unimportant and
may change from line to line. K@, K@, ¢® @ denote strictly positive
constants that may play a role in subsequence arguments. Unless otherwise indi-
cated, these constants may depend on a and d. Any other dependence will be
explicitly stated. (a, d) will always satisfy d > a € [0,2]. If 4 is a set, I(A) denotes
its indicator function and A€ is its complement. N, denotes the natural numbers
including zero.

2. Branching stable processes. In this section we develop a rather elaborate
labelling scheme for a system of branching stable processes. At first it may appear
that this degree of precision is more trouble than its worth, but as the arguments get
more involved the scheme will become a central component of our method. Most
authors seem to have avoided such a system by arguing analytically rather than
probabilistically. The latter approach seems more direct for our purposes.

Let I=Uy (NXx({0,1}" If B=(By,By,---,B) €I, let |B|=, and Bli=
(Bo, - --»B;) for i <j. We call |B] the length of the multi-index B. Let {Y#:B € I}
be a collection of independent d-dimensional symmetric stable processes of index a,
starting at zero and scaled so that (1.1) holds. Let {e?:8 € I'} be a collection of
independent random variables that take on the values 0 and 2 each with probability
1/2. Assume these collections are mutually independent and defined on a common
probability space, (2% /2, P?). In fact we may, and shall, assume Q2=
(D([0, 0), R?) X {0,2})!, «#? is the product o-field and P? is the appropriate
product probability. Let R? = R? U {A} be the one-point compactification of R?,
(2!, &Y = (RHN, ZRHN) (product space), and (2, &) = (2! X @2, &' X ?).
If w=(",w?)=((x;),w?) € Q, we abuse the notation slightly and write Y#(w)
and ef(w), for YA(w?) and ef(w?), respectively. 7' denotes the projection of £ onto
Q.

Fix p € N. In what follows dependence on p is usually suppressed. Let T = T®
={j/rlj=0,1,2,...} and denote elements of T by s,¢,.... We let A be the
measure that assigns mass 1/p to each point in {j/p:j€ Z}. If Be,
t€[0,(1 +|B]/p) and xz # A, let

NE((x,),w?) = xg, + ,g) f I(i/p<s<tA((i +1)/p))dYPli
Next use the { e#} to define killing times by
0 if xg = A,
8((x,), w?) = { min{(i + 1)/p: €#!" = 0} if this set is nonempty and x, + A,
(1Bl + 1)/ if this set is empty and xp # A.

Let

N,'9={N’B if0 <t <tk
A ifr> A
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(NB|B €1} is a system of branching symmetric stable processes. Given w =
((x;), w?), particles start at each x; # A and die or split into two particles with equal
probability at the deterministic times in T. In between these times the particles move
according to the law of a symmetric stable process of index a. Each trajectory up to
time j/p is indexed by a 8 € I with |B| = j.

Notation. If B € I and ¢t > 0, write 8 ~ ¢ iff |B|/p <t < (|B| + 1)/p. 8, denotes
point mass at x and M} = {(p'EX 8, : K € N;, x, € R} € M (RY).

DEFINITION. N = N®: [0, 00) X € » M(R?) is given by

1
N(0) == X 8yp](NF#A).
L
Using the notation introduced in §1, one has
1
N(¢) = u Y gb(N,ﬁ) for ¢ :RY > [0, ),
B~t

where it is understood that ¢(A) = 0.
Ifre[j/p, (j+ 1)/p)for some j € N, let

o, = o 7!, YP,ef:|B| <) v( No(Ye:1Bl=) s < u)), A=

u>t

To define a family of shift operators on £, choose a sequence of bijections
¥, N->Nx{0,1}/, j=0,1,...,
and define p;,: I > {B € I:|B| >j} by

0@, a,) = (z]/j/#(ao),al,...,a,,).

For each ¢t € T there is a measurable, measure-preserving map 0!2:92 — Q2 such
that

YsB o 9{2 = Yspi(:ﬁ) - Y’p,(B), eBo 9'2 = eP(B),
Define the shift opertators 6,: & — Q fort € T by
6(o,0?) = ((NHO(!, 62)) , 670?).

Finally we introduce a family of probabilities on (2, ). If m = p'l):f_lﬁxi
(K € NyU {o0}), extend {x,:i < K} to N (if necessary) by setting x; = A for
i > K and define P" = §,, X P2, The obvious drawback to this notation is that
P™ depends not only on m but on the ordering of the { x;} (although this is not the
case on o(N,:t > 0)). As a result it will sometimes be convenient to write f((i;"')j for
the above measure. If m = N, the notation P™: will always refer to P\¥, ) and
similarly if ¢ is replaced with an {&/,:¢ € T }-stopping time.

The following results are trivial from the above construction.

LemMA 2.1. (a) N € D([0, ), RY) and is { s7,}-adapted.

(b) If B,y €1 satisfy B|j = v|j for some j <|B|=|y|, then Nf = N;¥ for t <
(J + D/p.

(© IfBe L t [0, (1Bl + 1)/p), (x;) € Q' satisfies x5, # A, and A € D, then
PGI)(NB € A|NE # A) = P{#o(Y € A).
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(d) N(¢) is «-measurable for any Borel measurable ¢:R* > [0, c0) and t > 0.
(e) If m € M}, then N € D([0, o0), M§) P™-a.s.

ProoF. We only give the proof of (c). Under P*9, N is a symmetric stable
process on [0, (| 8] + 1)/p) starting at x, and is independent of 8. Therefore

PCO(NB e AINF+A) =P (NP e A|rh > 1) =Pin(Y€4). O

PROPOSITION 2.2. If m € M} and ¢:R? — [0, ) is Borel measurable, then
E™(N(9)) = [ E5(s(Y,)) dm(x) = EP(6(Y)), t>0.

PROOF. Let m = p 'Lk

1=1

E"(N(o) = w' L %, En(o(NE)INF # A)P(NF % 1)

- L ES(o(0)E( T (N #8)) (Lemma21(0)

B""vﬂogi

i=1
K
1Y Ef(¢(Y,)) (critical branching). O
i=1
The Markov property for N, is intuitively obvious but we must check that our
shift operators are well behaved.
ProPosITION 2.3.(a) Ift € T, s > 0 and B € I,
(2.1) NBof, = NP,
(2.2) N 0 s+l

(b) Let m € Mf and U:Q —> T U {0} be an { ,}-stopping time (i.e. {U =1}
€, VIt €TU {}). Then forany A € «,

E™(1,00,|%,) = PM(A) P™a.s.on {U< }.

PROOF. (a) Let t € T, B €Tlands>0.If s < (|8 + 1)/p and 7°<A) > ¢, then

NEo g (w)=Nybo 4+ 2 f ( u<sA T)dYﬂl'oo2(w2)
= Np,(ﬂ)lu! + ( <sA _._) dYr(B1H
Zf Su<sA— G

= N{p,(ﬂ)luz + z f I(; Su<(s+it)A T) dY,ff(ﬂ)“
i=pt

(e (Bli) = p,(B)I(i + n1)),
(2.3) NEog(w) = NP,
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If 72 ®)(w) € (¢,1 +(lp,(B)| + 1)/p), then
Bo 6,(w) = min{(i + l)/p:eB"OOI(w) = 0}
= rnin{(i + 1) /P ®livm(y) = 0} =r2B(w) —1.
Similar reasoning gives the same result if 7°¢#(w) = (|p,(B)| + 1)/p, and if

7B (w) < t, then 7806, (w) =0 because NY(Fo) = NPA) = A, We have shown
that 780 6, = (PP — 1)*. This, together with (2.3), gives (2.1). (2.2) follows from

1
Ns°0g =7 Z 8Nfoo‘ == Z st(ﬁ) = Noiyr
Bog_s B p_s
The last equality holds because p, is a bijection between {B: B~s} and
{B:B~s+1}

(b) We may assume that U = ¢ is constant because the time set is discrete. Let
m = p'TK |8, € M. It suffices to prove the result for
A={w:w' €4, YieB,eficC,i=1,..,n},
where B, € I, A, € &, B, € D2(R?), and C; € Z(R). In this case one has
P™(1,00,|,) = p'n((le‘(i)) €4, YP(B,)_ Yp,(B) €B,e* B eC,ix< n|.,g)
lp,(B;)| = pt implies that (Y*(A?), and (e"r(B')),. are mutually independent and
independent of %/, and therefore the above equals

I((N#®), € 4,) P*(Y# B, ef € C,,i < n) = PN(4). O
Notation. If S C I, let
F(S) =o(n', Yk, eflk: g€ 5,0 < k <|B),
9(S)=0o(YRef: B S).
If B € I and all the indices in S have length |8, define
o(S: B) = {|/3| inf{ j:B|j#v|jforally € §) %fﬁ €S,
ifes.
a(S; B) is the number of “generations” back that B first split off from the family

tree generated by S. Write o(y; B8) for o({v}; B).
If ¢:RY - [0, ) is Borel measurable and ¢ € T, let

G(é,1) = f{o s E(o(¥((s —#)"))) dA(s).

LEMMA 2.4. Let S C I be a set of n multi-indices each of length pt. Assume m € M§
and ¢: R? - [0, o0) is Borel measurable.

@ If BEI, B~1t, and o(S; B) < ut, then for some y € S, NP =N for
t <t—0(S; B)/u. Therefore NP is F(S)-measurable for t <t —o(S; B)/p and
o(S; B) < pt.

M) Ifi e {(-1,0,...,ut =1}, then

Em( Z (Nﬂ)|y(s)) ”SuP(EO +/"(‘1’(K"'/u))I(Nzlg—i*/n:'ﬁA))'
B:o(S; B)=i

and equality holds if n = 1.
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() If 0 < b <t then

E(w  F e(W)IF(9)) <n6(e1 +IBI)/m).

B:o(S;B)<pb

PROOF. (a) If o(S; B)/p = t, the latter result is obvious because N§ is o(7!)-mea-
surable. If o(S; ) < |B|, the definition of o shows there is a y in S such that
YI(BI = o(S; 8) — 1) = BI(I1B| = o(S; B) — 1), and therefore Nf = N for
t <t—o(S;B)/p (Lemma 2.1(b)).

(b) Fix 8 € I such that 8 ~ ¢ and o(S; 8) = i <|B|. Then

{Blk: |Bl-i<k<|Bl}n{vlk:ye S k<|Bl}=92
and therefore o{YP¥ eflk: |B| — i < k <|B|} is independent of F(S). By the

above, NF ; + sy 18 F(§)-measurable and hence

E"(¢(NF)|#(8)) = I(NE v ), # A)

XE™|I(efl* =2, k=|B|-i*,...,|B|-1)
18] -1
X¢|Nlpju+ X YP((k+1)/p) - Y”"‘(k/u)) If(S))
k=|B|-i*

= I(Nf oy # B)27 BB (9 (Y (it /1)),
Use the inclusion {8: o(S B)=i}c UYES{B o(y; B) = i} and the fact that each
of these n sets contains 2/ elements (this requires i < |B)) to see that
E"'( Y #(Nf) lf(S))

B:o(S:B)=i
< nsup{I(NE . # A)EY*rm(o(Y(i*/n))): B~ 1, 0(S5 B) = i}

<n supE Fem(e(Y(i*/w))I(NE ., + A)  (by (a)).

It is clear that one gets equality if n = 1.
(c) follows easily from (b) by summing over i. O
An argument similar to the proof of (b) above gives the next

LEMMA 2.5. Let t € T and let S be a set of multi-indices of length pt. Suppose v,
and v, satisfy |v,| = |yl = pt, 6(S; 1) = J, 0(S;v,) = k, and o(vy;;v,) = j A k. If
a > 0, then

(a)
P(|N® = N2[<a|F(S) Vo(ef: peT))
= YN A (|Y(( 4 k) /m) | < ) [N # A, N # A),
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(b)
P(|N® = N2|<a|#(S)) =277 K PYEra(|Y((j*+ k*)/p) | < a)
><1(Ng_nj+/ﬂ #A, Ny, # A). O

REMARK. (b) clearly follows from (a) by conditioning with respect to % (S). It is
understood in the above that the inequality |N," — N,"?| < a necessarily implies
NY # A, N2+ A

To get a sharper estimate on N,(¢) we will use the method of moments to get a
bound on E™(e®M(®). This is reminiscent of the interesting technique used by Cox
and Griffeath [1985] to obtain similar estimates on [j N,(¢) ds. They were interested
in limit theorems as ¢ = oo and obtained a precise recursion relation between the
moments of [; N,(¢)ds. We give a short probabilistic argument which takes ad-
vantage of our labelling system. The result represents one of the key estimates in the

paper.

PROPOSITION 2.6. Let ¢: R? - [0, c0] be Borel measurable, x € R%, m € M},
pE€NandteT.

(@)
i) E¥"%(pN,(9)") < (p — 1)'G(s,1)" T E5(s(Y))),
@ BN @) - E(60)[ s iAW)

(b) If 8 € [0,G(, 1)), then
EF3(eN®) < 1+ u7'(1 - 6G(9,1)) " EZ(4(Y,)).
(©) If 0 € [0,G(¢,1)™"), then

E™(e™®) < exp{0(1 - I)G(¢,g))_1E6"(¢(YI))}.

PROOF. (a) Fix x € R? let x; = x and x, = A for i > 1, and write P and E for
P& = pr'S and EC) = E# % Then for p € N>2,

E(pN($)") =p > Y - ¥ E(ﬁ"’(”zﬁi))

B -1t pp-{ i=-

Bb=1
p-1 )
=2y .. ¥ E[T] ¢(N‘B')
T S
Bb=1 g1
><E(p.'1 Z ¢(N‘ﬁ’)|y(/;1 .. gP1)
BP~1,

a({B'---BP71); By <1
<E(pN($)"")(p - 1)G($,1) (Lemma2.4(c)).
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The obvious induction and Proposition 2.2 complete the proof of (i). For (ii) note
that

E(pN($)))=pt ¥ E¢(Nf’)“i )y E(¢(NJ)|%(B)))
B~t,B=1 i=-1 y:o(B;y)=i
—t T Ele()T sf+/#¢(zv!éf+/“>)
B~1t.By=1 i=-1

(by Lemma 2.4(b) with n = 1)

> E(qs(Nf)/ sy+¢(1vf_,_,+)d)\(g)|zvf¢A)P(Nf;eA)
B~1t.By=1 [

)

- E(e (0 [ sa(t ) aw)

(Lemma 2.1(c), Proposition 2.2).
(b) If 0 < 8 < G(¢,f)7", (a) implies

B(e) < 155G | £ 076060757
p=1
<1+ 007Eg(6(Y))(1 - 8G(9,1))".
(c)Let 8 € [0,G(¢,2) ") and m = p'EK 8, . If

i=1

]V!(i) = ’“L—l E 8N{’v
B~1.By=i

then (under P™ = P*0) (N): i < K} are independent and
P"(ND e .)=Pprioi(N e -).
Therefore

K
E™(e®) =T] Eu“s,,.(eoN,w))

i=1

< exp{o 5 B (6(¥))(1 - 0G(¢,z>)"} (by (b))

i=1
= exp{8(1 - 6G(9,1)) " Eq(4(Y)}. O
To get an estimate on G(¢,t) we need some well-known facts concerning the
density of the symmetric stable process Y,.

Under P, Y, has a smooth symmetric density p(y) = p,(|y)

(2.4) where p, is decreasing and satisfies p;(r) < ¢®(1 + r)~ 4+,

D

This follows easily from the fact that Y,= B(7,), where B is a d-dimensional
Brownian motion and 7, is an independent stable subordinator of index a/2, and
well-known estimates on the distribution of 7, (see Feller [1966, pp. 548, 335],
Hawkes [1971, Lemma 1], Iscoe [1986, Lemma 2.2]).
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Notation. If a > 0, let

ifd>a,
Vau(a) = { “log*1/a ifd=a,

$4.0(a) = ¥y q(a)log* (log*1/a).

LEMMA 2.7. 3¢ such that ifa > 0 and t € T satisfy 2p™! < a* < 27* A t7), then
G(IB(x,a), t) < Py, (a) foralxe R?.

PROOF.

G(IB(x,a)’ t)= f

[0,2] Sl)l’p Poy(ly((‘s _I"'_l)+) - xl < a) dk(g)

= o Po(lY1 (( p)” )V")d)\(s (by (2.4) and scaling)

<q /{M [a¥((s =) )] A1dA(s) (by (24)

a -1

a—p

< cl[a"‘ +2ut 4+ fa_a "s"’/"ds]

< Y, .(a),

where we have used the restrictions on a and ¢ in the last line. O

We finish this section with a fundamental limit theorem that connects the system
of branching stable processes N(*) with the branching diffusion X,. As in the
introduction, Q™ denotes the law of X, starting at m € M, on C([0, o), M) (or on
D([O’ °°)’ MF))

THEOREM 2.8. Let m € M, and m'¥ € M} satisfy m™ 5 masp(€ N) > oo.
P™(Ne-)>0"(-) onD([0,0),M;)asp— 0. O

If a =2, the convergence of the finite-dimensional distributions is proved in
Watanabe [1968, Theorem 4.1]. Slightly different limit theorems are proved in
Dawson [1975] and Roelly-Coppoletta [1986]. The martingale approach followed in
the latter nicely handles tightness. In fact it is easy to modify that proof to obtain
Theorem 2.8. Alternatively, the arguments in Walsh [1986] show how to prove the
result using our labelling system. In any case, the result is so similar to several
theorems in the literature that we have decided not to add yet another proof here.

3. Probability estimates for the upper bound on X,. Throughout this section p € N
and m = p'xKe §, ., € M} are fixed. Dependence on these parameters is usually
suppressed. In particular we write P and E for P™ and E™, respectively.
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Notation. If t€ T,B~t(BE€I),a>0,be[0,t)andi € {-1,...,pt —1}, let

z8a)=w' X A(NP- N7 <a N7 # AN B,
y~t,0(B;y)=i

ZP(a,b)= ¥ Z%(a)
-1<ispb
=pt L I(IN7-Nf|<a, Ny # AN A),
y~tLo(B;y)<pb
S = {ylk: |y| =1Bl,o(B;v) =i, k> pt =i},
SP(b) = {vlk: |v| =1Bl,0(B; ) < b, |B| —[rb] -1 < k <|Bl},
$8(b) = {v: v =1Bl, o(B;¥) > wb},
F(B)=o({Nf#1}), #(B)=F({B))

The following result is transparent if one draws a picture of the system of
branching stable processes.

LEMMA3.1. LetBe I, t =|B|/p, b€ [0,¢t) anda > 0.

(@) {ZP(a): i = -1,...,|B| — 1} are conditionally independent given F ().

(b) If i < pb, ZPi(a) is 9(SP(b)) V F,(B)-measurable and hence so is ZP(a,c)
forany ¢ < b.

(©) If o(B;y)>pb and c < b, then Z¥(a,c) is F(SP(b))-measurable and
F(v) € F(84(b)).

(d) If A € 9(SP(b)) V F,(B) then

P(A|F(SP(b)) vF(B)) = P(AINF #A) a.s.on {NFf+A}.
Proor. (a) If i € {-1,...,|B| — 1}, then

(3.1) ZP4(a) = HP(NE ), — NE, @) I(NF # 8),
where
(32) HE'(y,w)
pt—1
=p! Y Ipy+ T fI(E <s< k+1)dY""(S) Sa)
y=t.0(8;v)=i k=pt—i * ®

xI(ev =2, k=pt—i,...,pt —1)
is B(R?) X 9(SP')-measurable. Hence ZP'(a) is 9(SP') v % (B)-measurable.
(SA i=-1,...,|B — 1} are disjoint sets whose union is disjoint from
{B|k: k <|B|}. It follows that {ZP(a): i= -1,...,|B| — 1} are conditionally
independent given % ().
(b) This is clear from (3.1) and (3.2).
(c) Assume |y|=|B| and o(B; y)>pb. Then F(y)C F(SP(b)) because
y € $B(b). If o(y;Y’) < pb, then o(B,v") > ub and so y’ € SA(b). This shows that
Z(S7(b)) € F(SP(b)) and therefore
F() v 9(S1(B)) € F(v) v F($4(B)) = #($4(b).

The result now follows from (b).
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(d) Let A € 9(SF(b)) and B € #(SF(b)). We may assume x, # A. Then
(33) [ 1(B,Nf#A)P(A|Nf +24)dP

= P(B,NF + A)P(A4, N+ A)P(NF#4)"
= P(B,eP'* = 2for0 < k <|B|)P(4,eP'* =2for 0 < k <|B[)2'Al.
Note that if $8(b) = {y|k: y € $A(b), k < |B|}, then SA(b) N SA(b) = @ and so
F(SB(b)) = 9(SP(b)) V o(w') and F(SP(b)) are independent. Also B|k € SP(b)
if |8] — ([ub] + 1) < k, and B|k € SA(b) if k <|B| — ((ub] + 1). Therefore (3.3)
equals
P(B,eP'* = 2for0 < k <|B| —([pb] + 1))2-We1+D
X P(A,efk =2for |B| —([pb] + 1) < k <|B])2-(AI-Qubl+DlAl
= P(4,B,ef'* =2for0 < k <|B|)
=P(4,B,Nf#4). O
LEMMA 32. Let ¢® = (2c®). Assume B€ I, t=|B|/p and a > 0 satisfy
2pt < a® <t A3 Then
(a) E(exp(6Z%(a))| F(B)) <1+ 20p7'B(|[Y(i*/p)| < a) as. on {Nf+A4)
for 0 <8 <c®, (a)tandi € (-1,0,...,|8] - 1},

(®) P(ZP(a,t —p) > Ko, ,(a)| F(B)) < eexp{-cPK loglog1/a}I(NF # A)
a.s. forany K > 0.

PROOF. (a) Fix B, 1 and a as above and let i € {0,1,...,|8] — 1}. Let j be the
unique multi-index of length uz —i such that B|pz —i—1=B|pt —i—1 but
B # B|ut —i, and for y € {0,1}' let B V y denote the multi-index of length pt
obtained by adding the components of y to 8. For y € R? fixed, H?'(y, -) (given
by (3.2)) is independent of % (8) and hence on {Nf # A} we have

E(exp(6HE(y,0)) | #(B))

= E(exp(0H (3, 0)))

=E exp{ap,'l Y I(
re(o.1y

i—1 .
y+ Y fl(k <s< k+1)dyﬁv(7|k)(s+!_i)
k=0 L r B

= E“'ls.v(exp{ 0N, (B(0,a))} )

Use Proposition 2.6(b) and Lemma 2.7 to conclude that if § € [0, 2¢®) ™, ,(a)7!],
then

E(exp(6H(y,0)) | F(B)) <1+ 0;;,'12P0y(|}'}/“| < a)
<1+6p12PY(|Y, | < a) (by(24)).
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Now set y = Nf,  — NF and use (3.1) to prove (a) for i > 0. If i =0 we get
e%* <1+ 260/u and this gives the result for i = —1.
(b) Assume ¢ and a are as above and let § = 2¢®)™, (a)™". Then
pr-1

E(exp(62*(a,t —p")) 1 #(B)) = TT E(exp(82%(a)) | #(B))

i=-1

(Lemma 3.1(a))
< exp{ZOf[O’” P§(|Y((§ _#-1)+)| < a) dk(g)}

(by (a))
= exp{26G (Ipg.a) 1))
<e (Lemma2.7).
Chebychev’s inequality implies
P(Z*(a,t —p") > K¢, ,(a) | #(B))
< exp{—K(2c(2))'lloglog1/a}e (a<1/3). O

DEFINITION. If b > 0, a p-tuple (p > 2) of multi-indices, (B;,..., B,), all of the
same length, is a b-good p-tuple iff o({B: i+#j}; B)<ub for all j<p.
Ef,l B, ~ ! denotes summation over all b-good p-tuples of length pz.

.....

LEMMA 33. Lett € T,2u" < b < t, andp € N. Then

w2 YP P(NP#Ai=1,...,2p) < 327b7plE(N(R?)").

PROOF. Fix b > 2u"! and ¢ € T such that b < ¢.

If p>2 and (B,...,B,) is a good (ie. b-good) p-tuple we claim there are
disjoint subsets S® and S of {1,..., p} with cardinalities [ p/2] and p — [p/2],
respectively, such that o(S®; 8,) < ub for each j € S@. We proceed by induction
on p > 2. If p =2 this is obvious and if p = 3 a short argument proves the claim.
Consider a good p-tuple (B,,...,B,) where p > 4 and suppose the claim holds for
good k-tuples when k < p. Choose j < p — 1 such that o(B;; B,) < pb.

Casel. o({B: i+ jorp}; B;) > pb.

We first show

(3.49) (B2 B_1sBisrs---, B,—1) isagood (p — 2)-tuple.

Letie {1,...,p — 1) = {j}. If o(B,; B,) < ub, then o(B; B,) < pb would imply
o(B;; B;) < b, which contradicts our assumption. Therefore a(8,; 8,) > ub. One
also has o(B; B,) > pb by assumption. Recalling that (8,,...,8,) is a good p-tuple,
one concludes o({ B,: k # jor p}; B;) < pb and hence obtains (3.4).

By induction there are disjoint subsets S® and @ of {1,..., p — 1} — {j} with
cardinalities [p/2]—1 and p —1 —[p/2], respectively, such that Vk € S@,
a(S®; B,) < pb. It is now easy to see SO = SO U (B} and §@ = §P U (B, )} are
the required sets (recall o( Bj; ,3,,) < pb).
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Case 2. o({Bi: i #jorp}; B) < pb
We first show

(3.5) (Bis---By,-1) is 2 good (p — 1)-tuple.

Letie {1,...,p—1}. If i = then o({B,: k#j or p}; B;) < pb by assump-
tion. Assume i # j. Choose k # i, k < p such that o(B,; B;) < pb (recall (B,,...,B,)
is a good p-tuple). If k = p then o(B; B,) < pb implies o(B; B;) < pb. Therefore
we may assume k < p — 1, k # i. This proves (3.5).

By induction there are disjoint subsets S® and S of (1,...,p — 1} with
cardinalities [(p — 1)/2] and p — 1 — [(p — 1)/2], respectively, that satisfy the
desired property. We know o(B;; B,) < pb where j € 8D or j € §. In the latter
case o(B; B;) < pb for some i € S“) and therefore o(B; 8,) < pb. We have shown
o(B; B,) < pb for some i € SO 1t is therefore clear that

SO = §O
S® = FOy{ p}

SO=8Dy{p}

if m is odd; _
§@ = 5O

} if m is even

defines the required subsets. The induction proof is complete.

Now fix p € N and a good 2 p-tuple (B, ..., B,,) (B; ~ 1). Let S® = {iy,...,i,}
and @ = {jy,..., j,} Gy < igs1r jx <Jx+1) be disjoint subsets of {1,...,2p} that
satisfy

(3.6) of{B,:k=1,....,p}iB,)<mb, Kk'=1,.,p.

Conversely given any two p-tuples (B, ,...,B; ) and ( le B ) that satisfy (3.6),
there are at most (2”) good 2 p-tuples that could give rise to these p-tuples in the
above manner, correspondmg to the (37) ways to choose the subset S, Therefore

b
,L-ZI’E( Y I(NP#Ai= 1,...,2,;))

Bi~t B,~t Bpirro-on Byp~t
o({Bx:k<p); ﬁ,)<ub
for j=p+1,..., 2p

s(zp”)s p2ry o Y% Y l(Nf‘#A,i=l,..‘,2p))

<(*P)E|perv Yy ... I(NFitA,i=1,..., 2p-1
p i 4
By ~t Bp"! ﬂp+1 ----- ﬂz,_l‘l
o({By:k<p}:B)<pb
for j=p+1,..., 2p—1

Bz,*l
o({Bi:i<2p—1}i By, )<pd

xE( Yy I(N,ﬁzp¢A)|5r(31,...,32,,_1)) .
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The last conditional expectation is bounded by (2p — 1)([gb] + 2)/p (apply Lemma
2.4(c) with ¢ = 1). Proceeding inductively, we can bound the above sum by

(j'l;)' @2p-1)-- p(ly—l’-};—z)pE(M(R")’)

< 227p12%2(b + 2/p) E(N,(RY)?)
< 327bPp'E(N,(RY)?)  (b>2/p). O
Let & € (0, 2) be fixed throughout the rest of this section.

PROPOSITION 3.4. Assume K > 2/c®, a® A a® > 2p7!, M € N, M > m(R?), and
t€[M YL, MINT. Thereisana, = ay(8, K, M) > 0 such that if a < a, then

ak.

N

P\K L 1(Z*(a,a®) > K¢, 4(a)) > 2(1°g1) B /2)

PrOOF. Fix K, a, M and ¢ as in the first line of the proposition, assume also
a® < M1 and let p € N. Define

F(t.a.K) = 5 I (12%(a.0") > K,.(a)

~P(Z%(a,a®) > K¢, .(a) | %:(B))).
Then

(3.7) E(F(1,a,K)”)

2p

=p*yY .. ¥ E n(I(ZBi(a,as)thbd,a(a))

Bi~t Bp~t \i=l1

—P(2P(a,a®) > K¢, ,(a) |‘9z-1(13i))))'

Suppose B,,...,B,, ~ t satisfy o({B;: j < 2p,j#i}; B;)> pa® for some i < 2p.
To simplify the notation, assume i = 2 p. Then

2p
E( I—II(I( Zfi(a,a®) > K¢ 4(a)) — P( Zf(a,a®) > K¢d‘a(a)|fl(ﬁj))))
j=

2p—-1

= E| [T (1(2%(a,a®) > Kd,4(a)) = P(Z%(a,a®) > Kd,.(a) | %:(B)))

Jj=1

xE((1(ZP% (a,a®) > K¢,.0(a)) — P( 2P (a,0%) > K4.a(a) | %1(B2))))

|# (852 (a%)) Vgﬁ(ﬂzp))]

(Lemma 3.1(c)).
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The last conditional expectation is zero by Lemma 3.1(b), (d). Therefore (3.7)
implies

(38) E(F(t,a,K)?)<p> Y° P(NB#A, j=1,..2p)

< 327p'a®E(N,(R)”) (Lemma3.3)
< ¢(p,M)a® (Proposition 2.6(c) and m(R?) V t < M).
Ifa<1/3A M and A = L(log1/a) %¥<*/2, then

P(,rl Y I(Z%(a,a®) > K¢, .(a)) > A)
B~t

<P(F(a.K)5 3)+ P(#" T P(2(a1-5) > Ko,(a) | 5(8)) > %)

P Kc®

< l6"(log %) c(p,M)a® + P(eexp{—c“)K log log %}NI(R“) > %)

(by (3.8) and Lemma 3.2(b))

Kc®

1 1 1\ K972
<alp, M)(1°8 ;) a% + P(N!(Rd) > (de) (log ;) )

)pl(c(”

1 1 1 Kc® /2
< a(p, M)(log 2 a®? + eMm(R‘)exp{-(l6eM)_ (log ;) }

(Proposition 2.6(c) with 8 = (2(¢ +p.‘1))-1).

Choose p > K87! and then a, = ay(8, K, M) small enough so that the above
expression is less than aX if a < a (recall Kc®/2 > 1). O

We have found a good probabilistic bound on Z#(a, a®) which represents the
contribution to N!(B(Nf,a)) by “close cousins.” This is the major portion of
M(B(Nf, a)) and the impatient (or exhausted) reader may want to skip to the next
section. If d > a + 2, a simple first moment argument can handle the contribution
from “distant cousins” (see Theorem 3.8). To handle « <d < a + 2 a more
complicated argument seems to be needed.

Notation. If e I, B ~t € Tand a > 0, let

Wt(a) = ZP(a,t) — Z(a, a®)
=p! Y 1(|N!"—Nf|<a, N[’#A,Nf%A),
y~talu<o(Biy)<ip
WE(a) = ZP(a,t) — ZP(a,t —p?)

= X KNy~ N[ <a,N7#A,NE#A).
y~t,0(B;y)=nt
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LEMMA 3.5. If p, M € N, there is a c(M, p) such that
P
E((;r‘ > wha)) )
B~1t

< c®(M, p)(m(RY) + 1)2‘"((@"‘/"‘)‘1 + a1+ logl/a))p
whenever a® € [4/p,1], t € [6/p, M]N T.

PROOF. Let M, a, t be as above and assume p € N>2,

(3.9) E((w ) w::m)’)

= E| g%~ Z I(INIYI_NlBil<a,i=l’...’p_l)
Bri--os ﬂp—l"lv"(ﬁi-Yi)*M
Yoo Yp-1~1

(Bisvisi<p) (Bi,visi<p)

xl X o+ X
1 2
where
(Bivi;i<p) (k)
Y =w? Y P(NF-Ny|<alF(B,v:i<p)), k=12
k ﬁp’7p~!

o(By; vp)=nt
Here ) indicates the summation is over those (8,,7,) for which
o({B,v:i<p};B) <mt and o({B,vi:i<p};v,) <nt
and I® indicates the summation over those (8,,,) for which
o({B,vi:i<p);B,)=nt or o({B.v:i<p};v,)=nt

By symmetry
(Biyvisi<p)
<22 )) E(P(|NP - N1 < al
2 By Yp~t:0({Bi,vj 1 i<P, j<p}ivp)=nt

'g(ﬁi"Yj:i<P’j<P))|‘?(Bi»7i:i<p))

<w? ¥ E(Po”f""g'(IY(g)l <a)2MI(NF # B, Ny # A) | F(B,, v, i < p))
Bpvp—t
(Lemma 2.5(b))

<2P(?(|Y(_t)|sa)m(ll")p'1[ Y P(NPr # A|F (Bi,vi:i <))

By~ t,0({Bi,vi:i<p}iBp)<mt
+ )> P(Nfr )
By~ t.0({Bisvi:i<p}; Bp)=nt
< c,a"g'd/“m(Rd)[Z(p -1)(t+pt)+ m(R?)] (Lemma 2.4(c)),

(Bisviii<p)

(3.10) Y <qalriem@®)(p - D[+ m®)].
2
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To bound X,, note that if o(B,;v,) = ut,o({B;vi:i <p};B,)=j<pt and
o({B,,v;:i <p};¥v,) =k < pt then Lemma 2.5(b) implies

p(|Nlﬂp - NY|<a|F(B,v:i <p))
= 277" K P N Ee (| Y((j+ k) /b) | < a)
XI(Nfs. , # B, Ny, # A)
< 27K PY(|Y((5H+ k¥)/m) | < a).
Sum over j, k, noting (as in the proof of Lemma 2.4(b)) that
card{(B‘,,,yp):B‘p ~ LY, ~ 1, o({Bi,vi:i<p};B,) =j,0({B;v:i <phiv,) = k}

<Q@p-1))2"*%,  jk<up,

to obtain

(Bi.vi:i<p) )
Y <p? X X R+ k) /m)|<a)d(p-1)
1 -lgj<pt -l<k<pt

<elp- 1)2[[0,!]2 [a9((s +u = 2/)* ) A 1] dA(s) dN(w)

c3(p—l)f ad((s+u—4a/p)" )d/a/\l)dsdu

(o, f+u"]2

= (ey/D(p - 1)2[ [0 [ a0 = 4/ A 1dwa

fz(mr‘) fz(mr‘) * a¥((v - 4/p)T )Y A ldwdp

1+p” —QUAHp Y- v)
- ca(p = 1)*[a®* + a¥2~4/7] ifd/a # 2,
co(p—1)*[a> + a*log* (1a~*)] if d/a =2,
by a routine integration (the lower bounds on a and ¢ are used here). Therefore

(Bivv;:i<p)
(311) L <elp - DYa?(1 +(log(ta=)) ") + ad-4re].

1
(3.9), (3.10) and (3.11) imply for p > 2,
4 p-1
E((u“ T wi(a)) )/E (v E wia) )
B~1t B~1t

< es(p = 1) (m(RY) + 1)[a7/%(t +m(RY) +12) + a*(1 + log* (1a™*))]

< ¢(M, p)(m(R?) + 1)2[(ag'1/“)d +a%(1 + logl/a)].
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If p =1 the left side of (3.9) is easy to compute (as for Proposition 2.2) and the
obvious induction therefore gives

I4
(v £ weo)’|
B~t
< co(M, p)* " (m(RY) + 1)* " (ar7/) ! + a?(1 + log1/a)|*"
2
X PJ(|Yy, | < a) E(X,(RY))
< (M, p)(m(RY) + 1) [(ar™/*)* + a2%(1 + log1/a)|”
(Proposition 2.2). O
If d > a, assume § > O satisfies
(3.12) d(1 - 8al) > a.
PROPOSITION 3.6. Assume d > a. e, = €y(6) > 0 and for each M, p € N with
M > m(R?), 3c® = ¢O(M, p) such that
PlptY 1(WFh(a)>a®) > A) < cONPgeop
B~1t
whenever A > 0, a € [0,1], a* A a® > 6p!, andt € [a®, M]IN T.
PRrROOF. Let M, p, A, a and ¢ be as above. If 5, u € T, then
- - «(B) «(7)
WY Wh(a)el,=w?Y L (NP -NaD|<a) (by(2D)
B~s B~s y~s,v%0*B

=P‘_2 Z Z I(lN;ﬂu_Ns);-ulga)'

B~s+u y~s+u,o(B;y)>ps
Let s = [a®s]/p, u = t —5 > 0 in the above to get

WY Wh(a)ob,_,> w T WA(a).
B~s B~t

We can now apply the Markov property (Proposition 2.3(b)) and conclude

E((,,-l T Wﬁ(a>)’) -k E~,-‘((,,-1B;§ Wg(a))”))

< c®(M, p)((as™/)* + (1 + log1/a)) E™((N,_,(R?) +1)*)
(Lemma 3.5)
< (M, p)(a?d-3/ + a?%(1 + log1/a))”
(Proposition 2.6(c) and m(R?) vV t < M)

< c‘s)(M,p)a("+’°)"
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for some ¢, = ¢,(6) > 0, by (3.12). Therefore
P
P % Y 1(wk(a) > a®) > )\) < )\‘Pa“"PE((p,‘l Y Wﬁ(a)) )
B~t B~1t

< c®(M, p)XPavr. O

Notation. If a, K, t > 0, let
(3.13) S(t,a,K)(w) = {x: N(B(x,a)) > K}.

THEOREM 3.7. Assume d>a. Let M,N€N. 3K=K(N)>0 and a, =
a,(M,N)> 0 such that if mR) <M, te[M ', MINT, a€(0,a,] and p>
6(a *V a~?%), then

P(N/(S(t,a, K¢,(a))) > (log1/a)*) < a™.
PROOF. Let
K(N) = max(N,4/c®) + 2,
and
a;(M,N) = min(e~¢, M~/%,a,(8,K(N) - 1, M))
(ap is as in Proposition 3.4). Choose t€ [M, MINT, ac 0,a,], p>
6(a®Vva*) and p €N, p> N/&y(8). Then
P(N,(5(t, a, K$,(a))) > (log1/a)"?)

= P(p,‘lpz:, 1(ZP(a,a®) + WP(a) > K¢,(a)) > (logl/a)'z)

<p(w T (20,0 > (K= D9,(a) (og1/a)*/2)

+P(p‘1 Y 1(WE(a) > ¢,(a)) > (logl/a)‘z/Z)
B~1t
< a¥"1 4+ cO(M, p)27(log1/a)* a®?,

where we have applied Propositions 3.4 and 3.6. (The choice of K implies
(log1/a)™? > (log1/a)~K~V<”/2 5o that 3.4 applies. Also t > M~! > a® so 3.6
applies.) By making a, smaller, if necessary, depending only on M and N, the above
expression can be bounded by a”. O

A cruder first moment argument is used to handle the critical case d = a.

THEOREM 3.8. Assumed > a. If M € N, M > m(R?), 3c® = ¢ (M) such that
P(N/(S(t,a,K¢,4(a))) = A) < N'cOexp{-(c®/2) K loglog1/a)},
where \, K > 0,1 € TN[M™}, ), a*€ 2u Lt A3 %),
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ProoF. Fix A, K,t,a as above. Write N(B(Nf, a)) = ZP(a,t —p') + Wh(a)
and proceed as in the proof of Theorem 3.7 to see that

(314) P(N(S(t, 0, K¢, o(a))) > A)

< P(“_l,?: 1(ZP(a,t —p™) > (K/2)y4(a))

+I(WE(a) > (K/2)é, .(a)) > ")
< )\-1[”—15 P(ZP(a,t—p) > (K/2)94,.(a))
+P(WE(a) > (K/2)¢d,a(a))]

<o exp{ e oglog 1/ ()

wW1 Y P(WE(a) > (K/z>¢d,a(a>)] (by Lemma 3.2(b)).

B~1t
Recall m = p~'EK0, 8, and for 1 < i < K, define o} € Q! by
A, i
. 1 ) = ’ ’
wi(j) {xi’ J = i,

and G,:Q X RY > Rby
G(w,x)=p' Y I(NYe€ B(x,a))=N/(«!,1%)(B(x,a)).
Y=t Yo=i
If S;={y~1t v,=1i) and B €I, then G, is F(S,;) X Z(R?)-measurable and
{F(S): i # By, i < K,} are mutually independent o-fields whose join is indepen-
dent of #(B). Therefore {G,(w, Nf): i # B,} are conditionally independent given
F(B). 1f 6 = 2cP) Ny, (a)!, thenon {NF + A},

P(WE(a) > (K/2)¢,.(a) | F(B))(w)

-l ¥ G,(~,Nf)>(K/2)¢d,a(a)I7(B))(w)

i=1,i%B,

KO
< exp{-0K¢, ,(a)/2} II'LBO Ew‘,»(eoN,(B(N;’(w),a)))
(by the conditional independence)
< exp{—(4c‘2) )'K loglog1/a }

xexp{ 5 pH(e®) M, (a) " PE (Y, - NE(0) | < a)}

i=1

(Proposition 2.6, Lemma 2.7)



MEASURE-VALUED DIFFUSIONS 767

< exp{ ~(4c®) 'K loglog1/a + ¢®'m (R“)a""cla"g“‘/"‘}
(by (2.4) and a < 1/3)
< cl(M)exp{—(4c(2))'1K loglog1/a } (mRY) <M, 1< M).
Combining the above with (3.14), one gets
P(N,(S(t,a, K¢, .4(a))) > 7)

< A eMexp{-(c®/2)K loglogl/a}

+c,(M)exp{-(c®/2)K loglogl/a}(;r1 Y P(NF+ A))]
B~1t
< N'c©O(M)exp{-(c®/2)K loglogl/a}. O

4. Upper bound on X -interpolation arguments and proof. Having obtained a
probabilistic bound on N,(S(¢, a, K¢, ,(a))) for ¢ fixed (S(¢, a, K¢, ,(a)) as in
(3.13)), we now will bound sup{ N,(S(¢, a, K¢, ,(a))): 1/M < t < M}. This will be
done by first bounding N,(S(¢, a, K¢, ,(a))) for ¢ in a grid { jA: j € N} and then
interpolating between grid points. The key idea (expressed more precisely in Lemma
4.3 below) is the following: If N,(S(¢, a, K¢, (a))) is small for ¢ = (j + 1)A but
large for some ¢, € [ jA, (j + 1)A], then an appreciable number of particles must
have either died or travelled a distance O(a) in the interval [¢,, (j + 1)A]. The first
task is to bound these latter two probabilities in Lemmas 4.1 and 4.2 below. Clearly
we must take A = o(a®) if the last probability is to be small.

p € N will be fixed until Theorem 4.5 but it will be convenient to let the initial
measure N, = m € M} vary.

Notation. If A\, A, > 0 and §, € (0,1),let A, = [pA,]/p, and

(4'1) m= nl(A’AO"Sl»P‘)
= exp{(2/8,)((1 - 8,)"* -(1 - 8,)))

(Ef»‘o(e—0~4(,<R">))A _(Ego(e'oon(Rd))))‘l,
where 8 = 2/A,((1 — 8,)"/2 - 1).

Lemma 4.1. (a) If A,A, > 0 and 8, € (0,1) then
"lin:o nl(x’ A09V81a P‘) = 0

X

and
P’"( inAf ptY I(NfesS,NE+A)<(1- 81)m(S)) < exp{-87A/24,} +m,
<4, B~1t :

whenever m € M} and S € B(R®) satisfies m(S) > A.
O IfFA>0,A €T, me Mt and S € B(R?), then

P'”( sup pt Y I(NfeS,NF#A)> A) < exp{—(éo +p ) (A2 - m(s))}.

t<lo B~t
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PrOOF. (a) Fix A, A, > 0, and 8, € (0, 1). By replacing m with m(S N - ) we may
assume without loss of generality that S = R?. Choose m € M} such that m(R?) > A.

(N, /"(R" ): j=0,1,...} is a martingale. The maximal inequality for submartingales

therefore implies that for 8 > 0,

P'"( inAf NR)<(1- 81)m(Rd)) = P'”( sup e *M®) 5 e""“‘sl)m("d))
t<h,

1<by
< [exp{ﬂ(l - Sl)m(R“)}E”'(e“’NAo(“"))] Al

Divide N, (R?) into pm(R) i.id. contributions (corresponding to the descendants
of each initial particle) to see that the above equals

I m(R’)
[exp{o(l ~8,))E* “o(e“”YAom"))“] Al

< exp{OA(1 - 81)}E80(e-0N40(R"))>“

Take 6 = (2/A,)(1 — 8,)"1/2 — 1) to get

P’"( inAf N(R)<(1- 8l)m(Rd)) <n +exp{OA(1 - 81)}E3°(e‘”%(kd))x.

Isqig

Theorem 1.2 and Knight [1981, p. 100] imply that
E3°(e"”"Ao(Rd)) = exp{—20(2 + BAO)'I} .
Substitute this into the previous expression to see that it is bounded by
n, + exp{-87A/24,}.

lim, _, ,, m; = 0is clear from Theorem 2.8, and the proof of (a) is complete.

(b) The proof of (b) is similar but simpler. Use Proposition 2.6(c) in place of the
above Laplace transform for X, (RY). O

Notation. If M > 0, let T\(M) = min{t € T: N(R?) > M} (min @ = o).

Next consider a bound on the number of particles that travel a (relatively) large
distance in a short time. A simple first moment argument suffices for the present
purposes ((a) below). The stronger estimate (c) will be used in the proof of the lower
bound on X,.

LEMMA 42 Lett € T>°, A >0, me M}, M>0,A,> 0anda > 0.
(a
P’"(;r‘ Y I(|Nf - N¢|>a) > )\) <N'm(R)PY(|Y(2)|> a),
B~t
()
P"’(;rl Y. I(|NB - NE|>a) > A+ mR)PO(|Y(2)|> a)
B~t

< N2m(R) (¢ +p7) PO(1Y(2) | > a),
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(© 3¢ and p, = p(X, Ay) € N such that

P"'( sup  ptY I(|NE-NE|>a)> )\)
0<s<A A T(M) B~s

< XN 2MAPY(|Y(Ao) | > a/2)
whenever p. > p,, Ay < X and X > 8MPY(|Y(A,)| > a/2).

PROOF. (a)
B T 1(1e - N> a)
B~t

=p 'Y P™(|NP - N§|> a|NF # A)P™(NE + A)
B~t
= PY(|Y(¢)|> a)m(R?) (Lemma 2.1(c), Proposition 2.2).

(a) is immediate.
®)If m = p7 1Tk, 8, , let

R=u' T (N -Ng|>a). 1<i<K,.
B~1t,By=i

Under P™, {R;: i < K} arei.i.d. r.v.’s such that

P"(R, € -) = P*"%(N,(B(0,a)) € -)
and (by (a))

E( Y Ri) = P(|Y(1)|> a)m(R?).

i=1

Therefore

P’"(u'lg I(|Nf = N§|> a) > A + m(R) PY(|Y(2) | > a))

5 R,— E"(R)> x)
i=1

< N 2K E™(R?) (Chebychev)

= X ?m(R?) E*"%(uN,(B(0,a)°)’)

< A"m(R")Eg(j[‘_”_l‘!) Sy Ig0.ay (Yimy) d)\(y)) (Proposition 2.6(a)(ii))

= X2m(R?) PO(|Y]> a)(t +p') (by the semigroup property).
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(c) Assume without loss of generality that m(R?) < M because otherwise the
above probability is zero. Assume p~! < Ay, < A and

(4.2) A > 8MPO(|Y(A,)|> a/2),
and set A = [uA,]/p > 0. Define
U= mm{; eT:p' Y I(|Nf-NE|>a,NE+4)> A} (>0)
B~s
and on {U < o0}, let
S(w)={NE: |NE-NE|>a, NE+A,B~U}.

Clearly (x, w) = I(U(w) < 00, x € S(w)) is B(R?) X o ,-measurable. Elementary
reasoning gives us

P™(U < Ag A Ty(M))
< P’"(U <A AT(M),p " Y I(|NE - NE|>a/2, Nf +4) > A/4)
B~
+P"'(U <A AT (M),pt Y I(NEeS,NE+A)< A/2)
B~A

+P'"(U <A ATy (M),pt Y I(|NE - NE|> a/2) > >\/4)
B~A

= Em(z(U <Ay A Ty (M))
XPNU(Q)(”_I X I(le—U(u) - M|> a/2 Ny # A) g A/4))
B~B-U(w)

X(F—l Y I(N§ € S(w), Ny * A)
B~A-U(w)

< m(sm»n))

+64Xm(RY)(A +p7") PO(|Y(8)] > a/2)
(by the Strong Markov Property, (b), and (4.2)—see (4.3) below)
< 64X APY(|Y,l > a/2) E™(I(U < By V Ty(M)) Ny (R?))
+P"(U < by AT (M))(exp{-A/8A} + (A, Ay,1/2, 1))
+12802MAPO(|Y(8) | > a/2).
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In the last line we have again used (b) with m = N, and A —U(w) < A — p ! in
place of ¢. Note that U < T;(M) implies (by (4.2))

(4.3) A/4>N/8+ MPY(|Y(4o)|> a/2) > A/8 + Ny(RY) PY(|Y(4) | > a/2)

and therefore we may apply (b) with A/8 in place of A. We have also used Lemma
4.1(a). This is possible because Ny, (S) > A on {U < oo}. Use the above and the fact
that A < Ato get

P™(U < Ay A T,(M))
<1920 2MAPY(|Y (o) |> a/2)(1 = e/8 — my (A, Ag, 1/2,1)) 7,
assuming this last term is positive. Choose p,(A, A,) € N such that g, > Ayl and
e 8+ (N Ap,1/2,p) <e’V® forp > p(A,4).

Let ¢ =192(1 — e-1/9)! to complete the proof. O
The key idea in the interpolation argument is contained in the following result.
Recall the notation (3.13).

LeMMA 4.3. Let a, K,8,,e,1 > 0. Assume w € 2,0< T, < T, < 0 and S C R?
(T, T, and S may depend on w) satisfy
(4.4) B~T, NEeS=nN;(B(N,a)nS)>K
(4.5) pt Y I(NE €S, NE+A)>(1-8)Ni(S),
B~T,
(4.6) pt Z I(|NE - NE|> a, NE € S) < eNp(S).
B~T
Then

pt Y I(NE € S(Ty,4a,7K),NE € S) > (1 -8 — ¢~ 1)Np(S).
B~T,

ProoOF. Fix w,T;,T, and S as above and let 8,,¢,m € (0,1]. For ¢t > T}, let
N, =X5_,8,p I(N£ € §). Also define
L={B~T:|NE - Nf|<a},
A= {NE: NE ¢ S(T;,4a,1K),B € I}.

Cover A4 by a countable collection of balls { B(N£;,4a): i € J} such that g; € I,
NB € A4 and {B(Nﬁ', 2a): i € J} are disjoint. Such a covering can be constructed
inductively by searching for an Nfi € A (B; € I,) such that Nf: € U, _, B(NE, 4a)
and continuing, until 4 is covered after a finite or countable number of steps. (In
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practice {i: ! # A} is finite and hence so is J.) Then

wt Y I(NE € 5(Ty,4a,9K)¢, NE € 5)
B-T;

=p' Y I(N esS(T,4a,mK),NE € 5)

B~T,.BeIf
+P“1 Z I(N£2€S(T2’4a’nK)c’N7gleS)
B~T,,Bel,

< eNr.(S) + Ny (4) (by (4.6) and the definition of A)

< ENT,(S) + ) NTZ(B(N%’A'“))

ieJ

< eNp(S)+ X nN(B(NE,a) n'S) (by(4.4) and Nf € 4)

ieJ
<eNg(S)+n Y Np(B(Nf.24)nS)  (|NE - NE|<a)
ieJ

< (e + 1)Np(S) (the balls are disjoint).
Subtract the above inequality from (4.5) to see that

pt Y I(NE € S(T,,4a,mK),NE € §) > (1 -8, —¢—n)N(S). O
B~T,

PROPOSITION 44. If m € M} and M € N>? satisfy m(RY) < M, then
3c® = c®(M) such that

P'"( sup N_,(S(g,a/2,K))>>\)

Ml<i<M

<c® lexp(—}\/32A0) + (M g, 1/, ) + NlamA,

+A3 sup  P™(N/(S(t,4a,K/4)) > \/4)

M1l<i<M+1

whenever a, K,A > 0 and Ay € T N [0,1].

ProOF. Fix a, K, A and A, as above and suppress dependence on these parame-
ters in our notation. Let ¢, € (0, M) and define (d(x, A4) is the distance between x
and the set A)

T, =inf{t > M N(S(t,a/2,K)) >N}  (inf & = c0),
S(w) = {x: d(x,8(Ty,a/2,K)) <a/2} on{T, < }.

If B~ T, < o0 and N{ € S then |x — N£| < a/2 for some x € S(T,a/2, K) and
B(x,a/2) C B(Nf,a) N S. Therefore

Ny(B(NE,a) N S) > Np(B(x,a/2)) > K
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and (4.4) holds. Lemma 4.3 (with T, = ¢, + A, and ¢ = §, = n = 1/4) implies
(4.7)

Pty < Ty, <ty +Ay)

< Pm(tO STy <tyg+A,pt Y I(N,‘*fl € S,NE, s, # A) < (3/4)NTI(S))
B~to+4,

+P"'(to T<t0+A0a Z I(N£ES’|N£+A0—N£|>0)
B~1y+4,

> (1/4)NT,(S) > }\/4)

+P"(ty < Ty < tg + Ag, N, o, (S(to + B, 4a, K/4)) > Np(S)/4 > A/4).

Denote the terms on the right side by I, II and III, respectively. 7; is an
{ #, }-stopping time. An easy argument using the strong Markov property (Proposi-
tion 2.3) shows

I= E"'(I(t0 T, <ty+4,)

xPN‘rl(w)(p-l Y I(Ng € S(w), N'g+A0_Tl("’) # A)
B~to+89—Ti(w)

< (3/4>No(s<w)))).

(Here we are implicitly using such elementary facts as (o', w) = N. (&')}(S(w)) is
& X o/ -measurable.) The definition of T; shows that on {T; < oo},

Np(S) = Np(S(Ty,a/2,K)) > A
and therefore Lemma 4.1(a) implies
(48) I<P™(1o< Ty <to+ Ag)[exp(-A/324,) +my(A, Ag,1/4,p)].

Another application of the strong Markov property shows that

II < E"'(I(t0 T, <ty+4y)

XPer(w)(”—l Y I( /N N£|> a) > }\/4)),

B~1y+8o—Ti(w)

49) T< (1(:0 T, <1, + Ag)dA sup N(R"))Po(|Y(A0)|>a)

<M+1

(Lemma 4.2(a)).
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Cover [M}, MyNT by N intervals of the form [¢,, t, + A,] where
to€TN[M,M)and N< M/A,+ 2 <2M/A, (M > 2). Substitute (4.8) and
(4.9) into (4.7) and sum over the N intervals to obtain

P'"( sup N_,(S(g,a/2,K))>>\)

Mlgi<M

< exp(-A/324,) + n1(X, 84, 1/4, 1)
+4axPY(|Y(8,)]> a)E'"( sup N!(Rd))
t<M+1

+(2M/h,) sup  P™(N,(S(t,4a,K/4)) > \/4)

M1l<i<M+1

< c‘g)(M)[exp(—A/32A0) +n,(A,A,,1/4,p) + X la" A,

+A7  sup  P™(N,(S(1,4a, K/4)) > A/4)],
Ml<t<M+1 i

where we have used (2.4), Proposition 2.6(c) and the fact that N,(R?) is a martingale
in the last line. O

The next theorem uses nonstandard analysis to complete the proof of the upper
bound on X,. We will work in an w,-saturated enlargement of a superstructure that

contains our original (2, &). Recall X, denotes the d-dimensional branching
diffusion of index « that starts at m € My under Q™.

THEOREM 4.5. Assume d > a. 3C < o0, depending only on (a, d), such that for any
m &€ Mg,

X,(A) < Cop, — m(A) forallA € B(R?) andt >0, Q™a.s.

PROOF. Take N = 4 in Theorem 3.7 and let K = K(4) (K(N) as in Theorem 3.7).
Fix m € M and choose {m™): p € N} C M} so that m™ 5 m. Assume M € N>?
satisfies M > sup{m®(RY): p € N}, and let a, = a,(M + 1,4) be as in Theorem
3.7. Define a, = e", A, = a**% A, = 8(log(1/(16a,))) % (n > 4),fix p €*N — N,
and let A, = [pA,]/p. We work on the Loeb space

(*Q, #,P) = (*Q, L(*=), L(*P™")).

Theorem 2.8 and the nonstandard characterization of weak convergence (e.g. Ander-
son and Rashid [1978, Theorem 4]) imply that N,= N(* is an S-continuous
*M -valued process and X, = st,(N)t) (st; is the standard part map on
ns(*C([0, 00), M[))) is the d-dimensional branching diffusion of index a, that starts
at m. This means that

X.,(A) = L(N,)(st™}(4)) Vtens(*[0,0)), 4 € B(R?) as.
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Therefore if ¢; = 8 X 16K and n is large enough so that 16a, < a;(M + 1,4)
(some easy measurability properties are left to the interested reader), one has

(s x((x X(B(x.a)) > atu(a)}) > M)

Ml<i<m

= P( sup L(N,)(st'l{x: L(N)(st(B(x,a,))) > c1¢a(a,,)}) > A,,)

te(M L, M)NT

<°‘P'"‘“’( sup  N(S(t.2a,,(c1/2)¢a(a,))) > )\,,/2)

te[M™Y, M)nT

< c“"(M)"[exp(-An/MAn) +m(A/2,4,,1/4,p) +2X147%; 4,

(4.10) +470  sup "‘P'"(")(N,(S(g,16a,,,(c1/8)¢a(a,,)))>)\,,/8)]
M1l<i<M+1

(Proposition 4.4)

< cz(M)[exp(—xn/s‘tA") +Xla,

+81 sup  *P™(N(5(1.16a,, K8, (16a,))) > (log(1/ 16%))-2)]
Ml<i<M+1

("n, = 0by Lemma 4.1(a))
< ¢y (M)[exp(-),/644,) + X;la, + 16%a,] (Theorem 3.7 with N = 4).

This is summable over n, so the Borel-Cantelli Lemma implies 3N(w) < oo a.s. such
that if n > N(w), then

X,({x: X,(B(x,a,)) > c;$a(a,)}) <A, Vie[M, M].
Fix w such that N(w) < oo, let t € [M !, M] and apply Borel-Cantelli, this time
with respect to the measure X(w) A, < ), to find an N(¢, x) < oo for X-a.s. x
such that

X,(B(x,8,))9.(a,) " < ¢, forn> N(1,x).
This shows that if C = C(d, a) = e“;, then
A(t,0) = {x: timsup X,(B(x,))0,(a) " < €|
all
satisfies X,(A(t,w)°) =0 Vi € [M!, M]as. Apply Theorem 1.4(a) with » = X, to
see that
X,(A)=X(ANA,)< Copm(ANA,)< Co-m(4) VA € B(R?),
te M, M]as.

Let M — oo to complete the proof. O

In the critical case d = a argue as above but use Theorem 3.8 in place of Theorem
3.7. Recall the functions ¢{”, i = 2,3, introduced in §1.

THEOREM 4.6. Assume d = a. 3C < oo, depending only on (a, d), such that for any
m e Mg,

X,(A) < CoP-m(A) forallA € B(RY) andt > 0 Q™a.s.
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PROOF. Proceed as in the proof of Theorem 4.5 up to (4.10) but with
¢, = ((80)16°/¢?®)(log1/a,)(loglog1/a,)”
= ¢,(log1/a,)*(loglog1/a,)™" = ¢,K,(log1/a,)
to obtain (for n > N(M))

P s X({x X(B(x.a)) > et (@) > A,

Ml<sisM

< 6(8’(M)[exp(—}\,,/64A,,) +Xla,

+8 Csup *Pm(N(S(1,16a,,(10/¢P) K 4 4(164,))) > N,/8)
Ml<i<M+1

<c® [exp(—k,,/64A,,) +X)a, + &N c®exp{-5K, loglog 1/(16a,,)}]
(Theorem 3.8 for n > N(M))
< ¢y (M)[exp(A,/648,) + Xla, + X; )8 %] (for n > N(M))
< ey (M)[exp(-A,/648,) + X)a,].
The right side is summable over n and the proof may be completed as in the proof
of Theorem 4.5. O

THEOREM 4.7. Assume d = a. AC < o0, depending only on (a, d), such that for any
m € Mg,

X,(A) < CoP-m(A) forallA € B(R?) Q™-a.s. forallt > 0.

PROOF. Argue as in the proof of Theorem 4.5 but now for a fixed t ="t > 0 to
obtain (for n > N(¢) and ¢, > 0),

P(X,({x: X(B(x,4,)) > c6P(a,)}) > \,)
<P (N(S(8,2a,, (/21 ) 4,.4(24,)) > 7,/2))
< 2N c®exp{~(c®/2)( e, /2" **)loglog1/(2a,)} (Theorem 3.8).
Let ¢, = (16)2%/¢®. The above is then bounded by
c,n’n~4 = c,n"2
This is summable and the proof proceeds as for Theorem 4.5. O

5. Probability estimates for the lower bound on X,.
Notation. If B €I, a> 0, t = |B|/1, let

ZBi=yt Y I(NY+ANP+A), -1<i<|B|
y:o(B;y)=i
F(B)=F(B) Vo(e:yel),
ZP(a) = ZP(a,2a*) — ZP(a,a®) ift> 2a°
To get a lower bound on N!(B(Nf, a)) we will in fact find a lower bound on the

smaller Z8(a). This amounts to only looking at the contribution to N,B(Nf, a) from
those particles that branched off from N between ¢ —2a® and t —a® This
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accomplishes two things. First, the scaling of Y shows that these particles have a
reasonable chance of ending up in B(N?, a) given that they survive. As a result their
contribution should be comparable to the total number of such particles that survive
(Lemma 5.1 below) and this (limiting) distribution is known from a classical result
on branching processes (see (5.1), (5.2) below). Secondly, by taking a geometric
sequence a, |0, the events {Zf(a,) “large”: k) are conditionally independent
(given N#) and this will make it easier to find a subsequence along which Z#(a k)
and hence N!(B(Nf, a, ) is large. The conditional independence will complicate
things a bit.

Although p € N and m € M{ will vary in this section, dependence on these
parameters will be suppressed in our notation wherever possible. In particular we
continue to write N, for N, and P and E for P™ and E™

LEMMAS1. IfM>1,B€ 1,0 <2a*<t=|B|/pandi € (pa*,2pa®*] NN, then
P(ZPi(a) > M7'ZP4| #y(B))I(|NP(1) — N*(1 —i/p) | < a/2)
> (Mp, — 1)(M — 1) I(|N*(t) - N%(t —i/p)| < a/2) a.s,,

where py = PO(|Y(2)| < 1/2).

PrOOF. Fix B,a,t, M and i as above, let N € N and {v,,..., vy} be a subset of
(vye€I y~to(B;y)=i). Let 4 be the set of w such that Nf # A,
INA(t) — No(t —i/m)l < a/2 and {v; j<N}={y~1 o(B;y)=i N7 #A).
Then 4 € #,(B) and on A4 we have

E(20(a)1#(8)) =17 T PNy = M |< a1 #:(8)

= p NP i/m=N(Y(i/p)| < a) (Lemma 2.5(a) and Lemma 2.1(b))
> ZPPY(|Y(i/n) | < a/2) > ZPp,.
Therefore on { Nf(¢) — NA(t —i/p)| < a/2} we have
E(ZP(a)| #(B)) > ZPp,.
If ¢ = P(ZP(a) > M~'ZP|%,(B)), this implies
(1 - q)ZF /M + gZP > ZP'py = q > (Mp, - 1)(M - 1)". O

To get a lower bound on Z#*, two well-known results on branching processes are
needed (see Harris [1963, pp. 21-22]). Let {Z,: n=0,1,...} denote a critical
Galton-Watson branching process such that Z, =1and P(Z;, =0)= P(Z,=2) =
1/2. Then
(5.1) lim nP(Z,> 0) =2,

n— oo

\Y%
(=}

(5.2) lim P(Z,/n>z|Z,>0)=e2,
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LeMMA 5.2. 3¢, ¢9, and for each K > 0 and a € (0,e') u, = p,(a,K) €N,
such that on {NF # A},

P(ZP(a) > Ké,(a) | #(B))

> ¢ (log l/a)_C(W)Kf sTI(|NF ~ NP, | < as2) dn(s)
( a%,2a%] )

whenever 8 € I satisfiest = |B|/p > 2a® and p. > p.,.

PROOF. Let a, K and B satisfy the above conditions. Choose M > 1 such that
(Mp, — 1M — 1) = p,/2 (p, as in Lemma 5.1). Define

io(w) = min{i > pa®:Z#* >0} (min @ = ).
On { Nf + A} one has

(5.3) P(ZP(a) > K$,(a) | #(B))
> Y E(I(ip=1i,ZP" > KM¢,(a))

pa®<i<2pa”
x P(Z#(a) > M~Z%| #,(B)) | # (B))
> Y I(NP(1) # A |NB(t) - NB(t —i/m)| < a/2)( po/2)

pa®<i<2pa”
xP(ZPJ = 0 for pa* <j < i, ZP* > KM¢,(a) | #(B))
(Lemma 5.1)
= (po/2) ):2 I(NA(t) + A, |NB(t) — N*(t —i/p) | < a/2)
pa*<i<2pa®

x [1 P(ZP=01%(B))P(Z* > kM¢,(a)|F(B)).

pa®<j<i

We have used the conditional independence of {Z’“ } given Z(B) in the last (let
a - oo in Lemma 3.1(a)). Z#/ is also conditionally independent of & (B) given
o(I(NF # A)) because it is a function of I(Nf # A) and (e"'*: |y| =|B|, k > |B| -
o(B; v)). Therefore (5.3) implies that on { Nf # A},

(54) P(Z%(a) > K¢,(a) | #(B))
>(p/2) L I(NR(1) # A [N*() - N(t ~i/p) | < a/2)
pa®<ig2pa®
x T1 P(Z#4=0|Nf+A)P(ZP > KMé,(a)|ZF" > 0)

pa®<j<i

xP(ZP > 0|NFf +A).
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Each uZ# is equal in law to Z ' (J fixed), where Z; is as in (5.1), (5.2). Those results
and (5.4) show 3p, = p,(a, K) € Nsuch thatif p > p,, then

P(ZP(a) > K¢,(a) | #(B))
>(p/2) L I(NF#A,|NF(e) - Nt —i/n)| < a/2)

pa*<ig22pa®
x[ 1 a- 3/1)]i"exp(—3KM¢a(a)(i/u)‘l)
pa®<j<i

> (po/De*(logl/a)”* [( eauey S TINPD) = NG =5) | < a/2) dN(s)
XI(NF +A).

This proves the result with ¢® = (p,/2)e * and ¢"® = 3M. O
Notation. Y(u) = Y(e*)e™/%, a;=27/% j =2" R,={a; J, <J <jps1}-
REMARK 5.3. If @ = 2, Y is an Ornstein-Uhlenbeck process and is stationary and
ergodic if ¥(0) = 0. A simple calculation shows that in general {¥,|u € R} is a
homogeneous Markov process and is stationary and ergodic if Y(0) = 0.

LEMMA 5.4. IK® > 0 and sequences {\,} and {n,(n,p): n,p € N} such that

lim X°> =0, lim n,(n,p) =0 foreachn,
p—oo

n—o0
and
pt ¥ P(Z%(a) < K®¢,(a) Va € R,| F,(B))I(Nf + )
B~1t
< NR)(X, + my(n, 1))
whenever t > 2a},t € T.
PROOF. Let KM = (4¢19)-1 n € N>2, define
p(n) = max{p,(a,K®):a€R,}  (p,asin Lemma5.2),

and assume p > p(n). Finally let B € I satisfy ¢ = |B|/p > 2a}. Lemma 3.1(a)
shows that { Zf(a): a € R,} are conditionally independent given % (8) (aj_, =
2af). The previous lemma therefore shows that on { Nf # A},

P(Z*(a) < KW¢,(a) Va € R,| #(B))

< TI1 [1 - ¢®(log1/a;)™* j( o sTu(|NE - N, saj/z)d)\(g)}

In<JSn+1 aj’, aj_4]

<exp{ e[ (N - N e ) ).

a a
i1 %n ]
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Integrate over { Nf # A} and use Lemma 2.1(c) to see that

(55) w'Y P(ZP(a)<KM¢,(a)VaeR,|F(B))I(Nf+4)
B~1t

< [w T I(NF#8)
B~t

X EQ

i1 Yy

exp{—clj;‘/“f o g-11(|);|g-1/“<2-1-1/a)d>\(§)}).

Standard weak convergence arguments show 3 = n(n, p) such that lim,, _, , n(n, p)
= 0 and (5.5) is bounded by

N,(RY)

sfou{ [ o <] o

91

= N(R)[X, + 1],

where
>\(i.'= Eg(exp{_cljn—l/:tfj,.logz I(|1~’u|< 2-1-—1/a) du}).
0

The Ergodic Theorem (recall Remark 5.3) implies lim, _, ., A%, = 0. To complete the
proof, define

_[1 if p < p(n),
0= {1 e

Notation. If R is a finite subset of (0,00), f: R = (0,0), » € Mg, t > 0 and
c>0,let

Si(v,R,f) = {x: v(B(x,a)) <f(a)Va€ R}, cR={ca:a€R}.
Recall the definition of T;(M) given before Lemma 4.2.

THEOREM 5.5. There is a positive sequence { N} which decreases to zero, a sequence
of natural numbers {p2}, and for each M, N € N, an n, = ny(M, N) such that

P(N(Si(No R, KV4,)) > MX,t < Ty(M)) < a]l,
whenever n > ng, p > po andt € T N (2a;, M).

PrOOF. Let X, = 2)° + n~? and choose p% € N such that

(5-6) ny(n,p) <X, and pl<ap ifp>pg.
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(Here A% and 7, are as in Lemma 5.4.) Fix n, M, N € N, p € N satisfying p > p9,
and t€ TN (2a;,M]. We may assume that m(R?) < M because otherwise
P(t < T(M)) = 0. Let

W,(n)=ptY I(Z%(a) < KV¢,(a) Va € R,,NF + A),
B~t

W/(n)=p' Y P(ZP(a) < KV¢,(a)Va € R,, Nf + A| #,(B))
B~t

and note that
(5.7) N,(S,(N,, R,, KDg,)) < W,(n).
If p €N, then

(5.8) E((Wl(n) - W,(n))zp) =p? )y E(W(Blau-aﬁzp))’

Bl.,!...sz..!

where
2p

7(By,...,By,) = T1[1(Z%(a) < KV¢,(a) Va € R,, NP # A)
i=1

i=

—P(Z%(a) < KV¢,(a) Va € R,, NP + A| #,(B))].

Fix By,...,B,, ~ t and suppose o({B;: i #iy}; B,o) > p2a} for some iy < 2p.
Lemma 3. l(c) implies that for i # iy and j > j,, Z i(a;)is F (Sﬂ'o(Za“))-measura-
ble and Lemma 3.1(b) implies that for j > j,, ZPis(a, ) is g(SB'o(2a°‘)) Vv F(B,)-
measurable. Therefore Lemma 3.1(d) gives us

P(2Po(a) < KWg,(a)Va € R,, NPo # A| F,(B, ) v F($Po(2a7)))
= P(ZPo(a) < KW¢,(a) Ya € R,, Nfo # A| F,(B,))-

By first conditioning with respect to #,(B,) V& (80 (2a 1)) we see from the above
that E(7(B;,- .., B,,)) = 0. (5.8) now leads to

(5.9) E((W!(n) - W!(n))z") sp? 22“’" P(NFi#A,i=1,...,2p)

(Lemma 3.3, Proposition 2.6(c) and ¢ V m(R?) < M). Therefore
P(N(SI(N R,,KD¢,)) = MN,,1 < T,(M))
< P(W,(n) > MN,,t < T,(M)) (by (5.7))
< P(W,(n) = W(n) > n2) + P(W,(n) > 2MX,,, t < T,(M))
<e(p, M)n*ap* + P(N,R)(NS, + my(n,p)) > M(2X3,), £ < Ty(M))
((5.9) and Lemma 5.4)
= c;(p, M)n*a2?/>  (by (5.6)).

Jn+1
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Let p > 2(N + 1)/a and then choose n, = ny(M, N) so that the above is less than
N

aj ifn>n, 0O

The previous estimate is far from optimal if d = a. The problem is that in this
case ZP(a) is of smaller order than N(B(NP, a)) as a |0, as an easy first moment
argument will indicate (see Lemma 5.7 and its proof). The neighborhood recurrence
that occurs in the critical case leads to a significant contribution to N!(B(Nf, a))
from particles that branched off as far away as ¢ —a® for any € > 0. To get a better
lower estimate we rely on a very crude method that uses only the mean and variance
(see Lemma 5.6). The lower bounds obtained in this way and hence the lower bound
on X, obtained in Theorem 6.5 are therefore clearly not optimal.

The condition d = a will be in force for the rest of this section.

LEMMA 5.6. Let Z > 0 be a random variable on a probability space (R, #,Q) and
let 9 be a sub-o-algebra of #. If c(w) is %measurable and satisfies

cE(Z|%) > (Var(Z19))"* a.s.,
then
P(Z>E(Z|9)/219) > 41 +¢c)” as.

PrOOF. By working with a regular conditional probability for Z given ¢4 (Ash
[1972, Theorem 6.6.5]) we may assume without loss of generality that ¥ = {¢,Q}.
Therefore assume cp > ¢ where p and o2 are the mean and variance of Z and
ceR.

1/2
(r+0)P(Z>p/2)*> ([ zde) P(Z > p/2)"?
>f ZI(Z > p/2) dQ

=p— [ ZH(Z < p/2)dQ > p/2
=P(Z>p2)>p¥/(4p+0)’)>41+c)> O
Notation. If B ~ t and a®/? € (0,t A1), let

28(a) = 28(a, a"?) - Z%(a, "),
NP=Nf - NE, ifse[0,t]and {Nf + A},

H*(a) =f(a s7'p(NE/s'/*) dA(s)

a’aa/Z]
on { Nf # A}, where p(y)dy = P(Y; € dy).

LEMMA 5.7. There are constants ¢V, ¢? such that if B I, t =|B|/n, and
a®? € (/w2 t A(1/2)), then

P(Z(B)(a) > cWaeHA(a) | #(B)) > cm)Hﬁ(a)(logl/a)‘l a.s.on {N!ﬁ #* A}.
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PrROOF. Let B,t,a be as above, and work on {Nf # A} throughout. An easy
computation using Lemma 2.5(b) leads to

(5.10) E(Z%(a)|#(B)) = /(

Let

PF(1Y(s)| < a) dA(s).

aa’ aa/Z]

¢ = inf{l{x € B(x,r): |x]<|x,l} |r'd: |xg|=>r > 0} > 0.

(Here | A| is the Lebesgue measure of A4.) Recalling that the density of ¥; under P¢,
p(y), is symmetric and decreasing in |y| (see (2.4)), one gets for any x, € RY and
r € (0,1]

re(YWlsr) = [ p() > erp(xo)r

(=xo,
for some ¢, > 0, independent of (7, x,). (If |xo| > r, ¢, = ¢; will work and clearly

some positive constant works for |x,| < r < 1.) A scaling argument now shows that
(5.10) implies

(5.11)  E(Z*(a)|#(B)) > c,a j( " p(N/s/%)s 1 dN(s)

= c,a*H*(a).

Turning to the conditional variance, we have (by Lemma 3.1(a))

(5.12) Var(ZB(a) | F(B) < ¥ E(ZP(a)’|#(B)).

a*<i/u<a®’?

It is easy to see that

P(zF(a) € | F(B)) = E*"*®n(N,,(B(0,a) € -),

in fact we showed the corresponding Laplace transforms were equal in the proof of
Lemma 3.2(a). Proposition 2.6(a(ii)) and (5.12) therefore give

Var(Z*(a) | #(B))

<./ o /) (IB(Oa)(Y)/ Sy Ip0,a)(Yy_y+) dN(u) | dA(s)

(a%a

)Vf a +
<o f o om B Inon() [ o, (@47 AL (@) dA(s)

(by (2.4))
< ¢;E(ZP(a)| #(B))[a® + 2/ + a*log(a*/*/(a" — p*))]  (by (5.10))
< c4(a*logl/a)E(ZF(a)| #(B)) (by the bounds on a®).

Use (5.11) to get an upper bound on a* and substitute into the above to get

Var(Z*(a) | #(B)) < ¢s((log1/a)/HP(a)) E(ZP(a) | #(B)) .
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Lemma 5.6 and (5.11) imply
P(Z%(a) > (e/2)aH"(a) | # (B))
> 4"(1 + c¥*((log l/a)/H’g(a))l/z).2 a.s.

> ¢"HA(a)(log1/a)”’,
the last because H?(a) /(log1/a) is uniformly bounded above. O
Notation. Let b, = e?and R, = (bt Ju <J <Jns1)-
The fact that b}/ = b, and Lemma 3.1(a) show that
(5.13) { ZF(b,): br/? < ]Bl/p.} are conditionally independent given % (B).

LEMMA 5.8. 3K® > 0 and sequences {N?: n € N}, {n;(n,p): n,p € N} such
that

lim A2 =0, lLim ny(n,p)=0 foreachn,
n— oo p— o0
and

pt Y P(ZP(b) < K@¢®(b) Vb € R,| F(B))I(NF # A)
B~t

< NR)(XD + my(n, )
whenever t > bj:/ 2teT.
PROOF. Let p, n € N satisfy
(5.14) @/m)'? < b2 < b/t <12,
and let ¢ > bj‘.:/ 2 If ¢ > 0 and B ~ ¢, then (5.13) and the previous lemma show that
on {NF# A},
P(ZP(b) < c¢P(b) Vb € R, | #(B))

< T1 [1-1(HA(®) > (c/c™)ioglyt,)

In<JSJn+1

x P(Z*(b,) > cbrHA(b,) | # (B))]

Jn+1
<exp{- ) I(Hﬂ(b,)>(c/cﬂl))zf)c<12>HB(bj)2-f}.

J=jat+1
Integrate the above over {N!'Ei # A} and appeal to Lemma 2.1(c) to conclude that on
{NF # A},
P(Z*(b) < c9{’(b) Vb € R,| #,(B))

jn+1
< Eg exp{— Y ](G(M)(bj)>(C/C(ll))zj)c(lZ)G(F)(bj)z-j}),
J=jnt1
where
() = 1/a) -1
G»(b,) fw’bjm] p(Y,/s/%) sV dA(s).
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Let G(j) = (31 p(¥,) du. A routine weak convergence argument shows there is a
sequence { n;(n, p): n, p € N} such that lim, _, ., n5(n, p) = 0 for each n and

(5.15) P(ZP(b) < co®(b) Vb € R,,| #,(B))

< EQ

p{ T 16() > (c/c‘“’)Z")0“2’0(1)2"}) ()

J=jat+1
= A2 + n,(n,p).

As it stands A? and 7, also depend on ¢ but ¢ will be fixed below. The Ergodic
Theorem (recall ¥, is stationary ergodic under Py) implies that

G(j)27 5 my = (a/DEY(p(Y,)) (under PY) as j - co.
Now fix ¢ = K@ = ¢"m/2. Then
: P
1(G(j) > (K®/c)2/) ™G ()27 5 ¢Pmy>0 as j—> o

and an elementary argument shows
jn+l . P
Y I(G(j) > (K®/ct)2/) DG ( )27/ > o0 as j - oo.
J=in+1

Dominated convergence implies lim A? = 0. By redefining A? and 7, (if

n—o ""n

necessary) we may assume (5.14) without loss of generality. The result is now
immediate from (5.15). O '

THEOREM 5.9. There is a positive sequence {2} converging to zero, a sequence of
natural numbers { w }, and for each M, N € N, an n, = n,(M, N) such that

P(M(S(N, Ros KO4®)) > M2, 1 < Ty(M)) < 7.,
whenevern > ny, p > i, andt € T N (b3, M.

PRrROOF. The proof is identical to that of Theorem 5.5 (use Lemma 5.8 in place of
5.4) except for one minor complication. Define W,(n) and W!(n) as in the proof of
Theorem 5.5 but with R, in place of R,, K@¢{ in place of K®¥¢,, and Z# in
place of Z2. Proceed just as in the proof of Theorem 5.5 to obtain (in place of (5.9))

(5.16) E((W,(n) - W,(n))"") < 32757/ 2p1E(N,(RY)?).
If 6 = (M) satisfies 3262 = (M)}, then
E(cm{l"G(n) - Wg(n)ll’b,i"/“}) < 2E(cosh((W,(n) — W,(n))8b;**))
<2 i:‘,o (3202)"p'(2p) ' E(N,(RY)?) (by (5.16))
< 2E(exp((2M)_lM(Rd))) =¢(M) < o

(the last by Proposition 2.6(c) and t < M, m(RY) < M; the latter without loss of
generality). Therefore

P(W,(n) = W,(n) > n"2) < c;(M)exp{-8n~2b;*/*} < (b, )"
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if n>n;,=n(M,N), as an easy computation shows. The rest of the proof of
Theorem 5.5 now goes through with only obvious changes. O

6. Lower bound on X -interpolation arguments and proof. We want to use the
probabilistic bound on N,(S;(N,, R,, K ¢,)) = N(t, n) obtained in Theorem 5.5 to
get a bound on sup, ¢ ;N(t, n) for some large interval J. As in §4 we divide J into
subintervals of length A, and use Theorem 5.5 to show sup;s ;N(iA,, n) is small.
Again there is the problem of interpolating between grid points. Recall that N(¢, n)
is (roughly) the measure of the particles that are the centers of fairly empty or
“low density” balls. If N(iA,,n) is small but N(zy,n) is large for some z, €
[iA,,(i + 1)A,) then on [iA ,, ,) one of three things must have happened (see (6.8)):

1. The low density balls at iA, have suddenly increased in population;

2. A lot of high density balls at iA, have diffused themselves by travelling a
relatively large distance in a short time (< A,,); or

3. A lot of high density balls at iA, have diffused themselves by having a large
number of particles die in a short time (< A ).

Lemmas 4.1 and 4.2 will bound the probabilities of these three occurrences. Note
that in practice ¢, will be a stopping time and hence we are dealing with N, before a
stopping time instead of after it (as in §4). This is why some stronger estimates are
needed (e.g. Lemma 4.2(c) instead of 4.2(a)). There should be a way to work on
[2o,(i + 1)/A,) as before but this argument has eluded us.

Both p € N and m = N{* € M{ will vary in this section but dependence on p is
often suppressed in our notation. We continue to use the notation a; = 270/
Jj, = 2"and R, from §5.

LEMMA 6.1. Let R C (0,1] be finite, a;, = min R, f: R — (0,1] be nondecreasing,
e €[f(a,),1] and M € N. 3c(M),c"(M) and for each A, € (0,cMaf(a;)),
Ip; = p3(f(R), Ay) such that if p > py (u € N) and m € M} satisfies

(6.1) m(S,(m, R, f)) < /16,

then

(6.2) P'"( sup  N,(Si(N,,6R, f(-/6)/2)) > s)
1<BoATi(M)

< 097 (85 f (ay) Zape + exp{~f(a) /328, }).

PROOF. Let ¢, > 1/8 satisfy PJ(|]Y(A)| > a/2) < ¢c;Aa™® Va,A > 0 and define
(M) = (c;32M)"L. Let R,a,f,e and M be as above, and let A, €
(0, c¥(M)aff(a,)). The definition of ¢*» implies (recall ¢, > 1/8)

(6.3) f(a)/a> (8MPY(|Y(8y)|> a/2)) VA, Va€ER.
Finally assume

p > p(f(R),y) = max{p,(f(a)/4,4,): a € R} V AP,

where p, is as in Lemma 4.2(c). Let m € M} satisfy (6.1) and (without loss of
generality) m(R?) < M. (The probability in question is zero if m(R?) > M.)
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To simplify the notation write S for supp(m) — S;(m, R, f). We claim there are
finite sequences { y;: i =1,...,N}in Sand {a®: i =1,..., N} in R such that

(6.4) m(B(y,a?)) > f(a®),
N
(6.5) Sc U B(y,2a"),
i=1
(6.6) {B( yi,a"): i < N} are mutually disjoint.
If a € R, let

S(a) = {y € supp(m): m(B(y,a)) > f(a)}.

Alsolet R = {a,,...,ayx} where a; < a, . First cover S(ay) by a finite number of
balls of radius 2a, centered in S(ag) so that the corresponding balls of radius a,
form a disjoint set. This may be easily done inductively by simply adding B(y,2ay)
if y € S(ag) is not yet covered by the previous set of balls of radius 2a,. Next
proceed inductively through S(ax_,). If y € S(ag_,) is not yet covered by the balls
of radius 2a (that covered S(ay)) or the previous set of balls of radius 2a_, (that
we are adding to cover S(ag_,)), then add B(y,2ax_,). Note that a,_, < ay
guarantees that B(y,ay_;) will be disjoint from the disjoint balls of radius a,
corresponding to the cover of S(ay). Continue until we cover S(ax) U S(ax_,).
The obvious induction argument now leads to the required cover of UX; S(a,) = §.

If B~1t, Nf €S and |Nf — Nf| < a, then Nf € B(y,,2a™®) for some i < N
and hence Nf € B(y;,3a”). Therefore if S(1) = $;(N,, 6R, f(- /6)/2), then

(6.7) N(S(t)) <sp'Y I(Nf €S, (m,R,f),NF+4)
B~t

+pt Y I(|NF - NE|> ap, NE#A)
B~1t

™M=z

+ N!(B(y,.,3a(")) ﬁS(g)).

1

If N(B(»,,3a") N S(t)) > 0 then Nf € S(¢) N B(y;,3a) for some B ~ ¢ and
N!(B(yis 30(0)) < M(B(]V!B,6a("))) <f(a(i))/2

<m(B(y,a®))/2 (by(6.4)).

The last summation in (6.7) therefore is bounded by

3 L m(B(3,a®))1(N,(B(3,3a)) < 1(a)2).

i=1
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This and (6.7) show that
(6.8)

Pr( s N(S() > e
(<AAT(M)

< P'"( sup p ' Y. I(Nf € S;(m,R,f),NE#4) > 8/4)
<8y B~t

+P'"( sup  plY I(|N,B—Nf|> al,N,BséA) >e/4)
(<BAT(M)  B~t ) )

7§ £ m(s(3,00)

><1( in NI(B(y,.,3a(‘)))<f(a(i))/2)>e/2)

<8y ATi(M)
=1+ 11+ III.
If

pi= P'"( inf  N/(B(y,3a?)) <f(a(‘))/2)

1<B8oATy(M)

then an elementary argument shows

pi < P'"( sup  pt Y I(|NF - NE|> 2a) >f(“(i))/4)
(ST(M)AD,  B~t

+P’"( inf p1Y. I(NE € B(y,,a®),NF +A) < (3/4)f(a®)

I<0 B’

< G/9m(B(5.a)))

< ¢P16f(aV) > MAPY(|Y(4) | > a®)

+exp{~f(a?)/3280} +my(f(a?),80,1/4, ).
In the last line we have used Lemmas 4.2(c) and 4.1(a). (6.4) is used to apply the
latter and (6.3) allows us to use the former. If

n(f(R)’ AO’ P‘) = I‘;neag T’l(f(a), A0’1/4’ “')’

then for some ¢, < oo,

pi < "21‘4A20"1_mf(al)—2 + exp{-f(a,)/324,} +n.

Therefore
III < ( ; ( ( a(‘))))(czMAz()a{“f(al)'z + exp{-f(ay)/324,} + n)

“IM(c, MM a7 °f (a,) " + exp{—f(a,)/328,} +n)
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(by (6.6) and m(R?) < M). Use Lemmas 4.1(b) and 4.2(c) to bound I and II,
respectively, and hence conclude from (6.8) and the above that

Pr( s N(S()> ]

1<BoAT(M)
< exp{=(8g + 1) (e/8 — £/16)} + cP16e-2MAP(|Y(Ao) | > a,/2
0 0 0
+e'1M(c2MA20a1'“f(a1)'2 + exp{—-f(a,)/324,} + n).

In applying Lemma 4.1(b) we have used (6.1), and (6.3) allows us to use Lemma
4.2(c) (recall ¢/4 > f(a;)/4). This last observation and p > p(f(R),A,) > A
show

(6.9) P'”( sup  N/(S(2)) > s)

1<AgAT(M)
< e(M)eexp(—f(a)/328,) + f(a)) *Mdar= + n].

Choose p3(f(R), Ag) > p(f(R), Ay) such that n(f(R), Ao, n) < exp(-f(a,)/324,)
for p > p; the right side of (6.9) is then bounded by (6.2) for sucha p. O
Notation. Let T,(M) = T\(M) A M for M > 0.

THEOREM 6.2. There is a sequence {p,.} in N and positive doubly indexed sequences
{&am}> {An.m) such that lim, , A, 4 =0 and X7 ¢, , < 0 VM €N, and if
p=p,, me MEand M € N, then

P'"( sup N!(Sl(Ng,6Rn,(K‘l’/2)¢a(-/6)))>A,,,M)<e,.,M.

4a;<g< T,(M),teT

PROOF. Let A, ,, = ((16X,) V n~?)M (N, as in Theorem 5.5), A, = a3**!, A, =

Jn+1 2 =0

[#A,]/n, and define p, = p, V p3(KDgy(R,), A,) (15, as in Theorem 5.5 and p,
as in Lemma 6.1). Choose M €N, let NN, N> 3a + 2, and by making
no(M, N) (as in Theorem 5.5) larger, if necessary, assume that for n > n,

(6.10) A, < C(ls)a;ﬂK(l)‘i’a(aj..u) < Zaz,
-2 1 1), a
(6'11) nc> K! )¢ﬂ(aj,.+1) = K( )afn+l’ A”’M <L

Fix natural numbers n > n, and p > p,. Note that p > p, > A;! (by definition) so
that A, > 0. Then

P swp N8N, (KO/2)0,(-/6)) > A

4aj <t<TH(M)

< X E’"(I(ién<T1(M))

i:2az<iA"<M
xprA"( sup M(sl(m,w",(K<1>/2)¢2(-/6)¢,/2))>>\,,,M))
0<1<J,AT(M)

(by the Markov property and (6.10))
(continues)
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(continued)

< X E'"(I(iémTI(M),MA"(SI(MAH,R,,,K%,,))<A",M/16)

2487 <i< MA)

)(PNién( sup M(Sl(M»6Rn’(K(1)/2)¢a(/16))) > A”:""))

<8, ATy(M)

+P"(id, < Ty(M), Ny (Sy(Na,» Ror KD4,)) > A, 4,/16 > MN, )
< Mé_nl[C(M)}‘-nl.u(A%.(K(l)d’a(aj,,“))_zaj_,,‘:l

+exp{—K(l)¢a(ajm)/32A,, }) + aj’:ﬂ].
In the last line (6.10) and (6.11) allow us to apply Lemma 6.1 and we have also used
Theorem 5.5. Use (6.11) and the definitions of A, ,, and A, (< 24,) to bound the
above by
c‘l“)[nzK(l)-zaj"+1 + 2Ma17"3‘;“1exp{~K(1)aj‘"f‘l"1/32}] + M2, =e,,.
Clearly X, €, 5, < oo and the proof is complete. O

To complete the proof of the lower bound on X, we again work in an w,-saturated
enlargement of a superstructure containing our original (£, 7).

THEOREM 6.3. Assume d > a. There is a positive constant c, depending only on
(a, d), such that for any m € My, and Q™-a.a. w:
Vvt >03A,(w) € B(R?) such that X,(AS) = 0 and
X(ANA)>co,m(ANA,) forallA € B(R?).
PROOF. Choose m € My. Let N,= N} (p €*N — N) be the internal S-continu-

ous lifting of X, (= st(N)(2)) constructed in the proof of Theorem 4.5 and defined
on the appropriate Loeb space (*Q, #, P). Choose M € N and let

(M) =inf{r > 0| X,(R‘) > M} A M.
Argue just as in the proof of Theorem 4.5 to get

P( sup X.(s,(x,,lan,(K“>/4)¢a(~/12)))>2A,,,M)

daj <t<m(M)

<P swp N8N 6R (KO/D0,(-/6))) > A
4a; <t<TH(M)

<e,
by Theorem 6.2 (p., A; p,)- By Borel-Cantelli (X¢, ,, < 00) IN(w) < o a.s. such that
if n > N(w) then
X,({x: X,(B(x,124))) < (K®/4)9,(a;) ¥ € (Jn» Jns1]}) < 2X1
Vi e [M71,n(M)).
Choose a subsequence such that £%2; A, 4, < co and fix « such that N(w) < co.

Let t € [M}, r,(M)(w)). Applying Borel-Cantelli with respect to X,(w), one gets
an iy(t, x) < oo X-a.s. such that

X,(B(x,124))) > (K®/4)¢,(a;) for some j € (j,, j,. | andall i > i,
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and hence
limsup X,(B(x,12a))¢,(a)”" > KV/4 for X a.a. x.
al0
Define

(6.12) A(w)= {x: limsup X,(B(x,a))¢,(a)” > K(1)4‘112‘°‘}.
all

Then X,(AS) =0 for t € [1/M, 1,(M)) a.s. and hence for all ¢ > 0 a.s. by letting
M — oo. Apply Theorem 1.4 with » = X,(w) to complete the proof. 0O

Virtually the same argument gives a slightly stronger result if d = a (use Theorem
5.9 instead of Theorem 5.5 to first prove an analogue of Theorem 6.2).

THEOREM 6.4. Assume d = a. There is a positive constant c, depending only on
(a, d) such that for allm € My and Q™-a.a. w:

Vi > 03A,(w) € B(R?) such that X,(AS) = 0 and
X,(ANA,)>coP-m(ANA,) forallA € B(RY). O

The following is an immediate consequence of the proofs of Theorems 4.5 and 6.3.

THEOREM 6.5. Assume d > a. There are constants ¢, C satisfying 0 < ¢ < C < o0,
and depending only on (a, d), such that for any m € My and Q™-a.a.

¢ < limsup X,(B(x,a))¢,(a)”" < C forXra.a. xandallt >0. O
all

Similar, but less precise, results are also immediate for d = a.

7. Infinite initial measures. The constants in Theorems 4.5, 4.6, 4.7, 6.3, 6.4 and 6.5
do not depend on the initial measure m and so it will come as no surprise that these
results extend easily to a large class of infinite initial measures, including Lebesgue
measure. One must only be a little careful with the rate of increase of m(B(0, n)) as
n — oo to avoid particles “cascading in from o0” in finite time. Most of the work
has been done by Iscoe [1986]. We sketch the additional arguments that are needed
because we were unable to find them in the literature, even though they must be well
known to the experts.

Notation. If p > 0, let

o,(x) = (1+1x[)", MR = {m & MR): [ 4,dm < oo},

C,(RY) = {¢ € C(RY): ¢, isbounded}, C;(R?) = {¢ € C,(R): ¢ > 0}.

Topologize M, = M,(R?) so that m,, » m in M, iff lim,, , , (¢ dm, = [¢dm for
¢ continuous with compact support or ¢ = ¢,. M, is a separable metric space (Iscoe
[1986, p. 89)). Fix p € (d,d + a)if a < 2,and p € (d, 0) if a = 2.

Iscoe [1986] showed there is a unique probability kernel p,(m, 4) (t > 0, m € M,,,
A € B(M,)) such thatif m € M, and ¢ € C;, then

(7.1) [ exo(-x(8)) p.(m. dx) = exp{- [ u(t.x) dm(x)},
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where u is the unique solution of (1.2). He also proves there is a homogeneous Feller
process with paths in C(M,), having transition kernel p, (continuity is clear in our
more restrictive setting and in fact is reproved below). We call this process the
d-dimensional branching diffusion of index a, suppressing dependence on p (if
p = 0itis the process introduced in §1), and continue to denote its law on C(M,) by
Q" if X,=me M,

To extend our results to the M,-valued process we show that such a process is a
uniform (for ¢ < n) limit of the M -valued processes already studied in detail. Let
m € M, and { 4,} be a sequence of disjoint, bounded Borel sets whose union is RY.
Let {X,} be a collection of independent (M valued) d-dimentional branching
diffusions of index a such that X,(0)(A4) = m,(4)= m(A4 N A,). { X, } are defined
on a common (£, #, %, P), on which the conclusion of Theorem 1.1 holds (with
m, in place of m). Appealing to Theorem 1.1, we see that if m™ = X"  m; and
XM =73r_, X, then

XM(8) = m™(9) + [ X (Ap) ds + Z™(4), ¢ € D(4),

(7.2) 0

Z(M(¢) is a continuous L? F-martingale, (Z"(¢)), = f’ XM (¢?) ds,
0

and hence X (" is the branching diffusion starting at m(™. By monotonicity we may
define an M(R?)-valued process by
X,(4) = lim X"(4), Ae®BR), t>0
n— oo

If $ € C, and 0 < t < 1, then Proposition 2.2 and Monotone Convergence imply

(13) E(|X(6)-X"(8)) < X J, Es(lo(x)) dm(x)

m=n+1

<Cy) X f 9,(x) dm(x)

m=n+1
(Iscoe [1986, Corollary 2.4])
-0 asn— oo.
Let ¢ € D(A) N C,, ty > 0and n, < n, be natural numbers. Then

B[ swp (20(6) - Z06) | < o [ B (67) - x0(67)
o<rI<ty 0

-0 asn,n, > oo (by(7.3)since p* € C,).
1 2 P

Therefore for a subsequence { n, } one has

(1.4)

Z{")(¢) - Z,(¢) uniformly for  in compacts a.s. and in L> V¢ € C, N D(4).

The limit Z,(¢) must be a continuous, L? % -martingale such that

(Z(3)),= lim (Z"(9)), = [ X,(¢) ds.
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If, in addition, A¢ € C,, then
(7.5)  sup| [ X,(46) - X("(49) ds|< ca(9) [* (X, = X()(8,) ds
0

1<ty

-0 as.andin L!
(by (7.3) and monotonicity in n). (7.4) and (7.5) show that the right side of (7.2)
converges uniformly for ¢ in compacts a.s. along the subsequence {7, } and for ¢ as
above. Therefore if ¢ € D(4) N C, satisfies Ap € C,, then

(7.6) sup | X,(¢) — X\"¥(¢)| > 0 as.andin L' as k - oo,

1<ty

(7.7)
X,(9) = m(6) + [ X,(49) ds + Z,(9),

Z,(¢) is a continuous, L? #-martingale such that (Z(¢)), = f X,(¢?) ds.
0

Recall that p > d > 2, so that ¢, is C? and A¢, € C,. Therefore ¢, € D(A) and
(Feller [1966, p. 433]) if T, is the Brownian semigroup and a < 2,

Ady(x) = 03[)@ (T9,(x) — ¢,(x))s17*/2ds
f f A¢p (x)dlls_l a/2d9
<eof 57*/%,(x)ds (Iscoe 1986, Corollary 2.4]),

A¢p(x) < c5¢p(x)’
If a = 2 the above conclusion is trivial. Therefore (7.6) holds for ¢ = ¢, and hence
by comparison for any ¢ € C,. In fact the monotonicity in n of

sup| X, (¢,) — XM (9,)

1<t
shows that
(7.8)  sup|X,(¢) - X"(¢)| >0 as.andin L' asn — oo V¢ € C,.
1<ty

X,(¢) is therefore a continuous M,-valued process. As in Iscoe [1986], one can now
easily check that X, is a homogeneous Markov process whose transition kernel is
given by (7.1). (Alternatively one can show that (7.7) characterizes this process.) We
have proved

THEOREM 7.1. Letd <p <d+ aifa <2, andd <pif a =2. Assumem € M,
{A,|n € N} is a sequence of disjoint bounded sets in B(R*) such that UA,, = R%, and
m,(-) =m(-NA,). Let {X,} be a sequence of independent d-dimensional branching
diffusions of index a defined on a common (R, ¥, #,, P) and such that X,(0) = m
Let m™”=Y"_m; and X =%7_| X;. Then X is a d-dimensional branching
diffusion starting at m™ and X,(A) =lim,_, X" (A) is a d-dimensional (M,
valued) branching diffusion starting at m. Moreover (1.7) and (7.8) hold. O
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The extensions of Theorems 4.5, 4.6, 4.7, 6.3, 6.4 and 6.5 to the case of an initial
measure m in M, are now easy. To illustrate this we only prove

THEOREM 7.2. Assume a < d. There are constants ¢, C satisfying 0 < ¢ < C < o0,
and depending only on (a, d) such that if p is as in Theorem 1.1 and m € M,,, then for
Q™-a.a. w:

Vvt > 03A,(w) € B(RY) such that X,(AS) = 0 and
cp-m(ANA,)<X(A) < Co-m(ANA,)VA € BRY).

PROOF. Let X and X be as in Theorem 7.1. Define A{ by (6.12) but with X"
in place of X. The proof of Theorem 6.3 shows that for some ¢ > 0 and a.a. w

XM(AP) =0 vit>0,

7.9
72) XO(4) > egom(4 0 AP) V1> 0, 4 AR,

Fix w so that for all n € N, (7.9) holds and the conclusion of Theorem 4.5 holds
with X in place of X. A/ (w)? A,(w) and A, supports X, by (7.9). If t > 0 and
A € B(RY), then

coem(A N A,) = lim c-m(4 N AM)
n-— oo

N

lim X{"(4) = X,(4) (by(7.9))

= lim X"(4 N A™M) < Cp-m(ANA,) (Theorem4.5). O
n—oo
REMARK. If & = 2, it is not hard to show that the space of initial measures for X,
may be enlarged to
M, = {m e M(R?): f e=* dm(x) < oo Ve > 0}.

xXp

m, > min M, iff [¢pdm,— [¢dm for ¢ continuous on compact support and
é(x) = e~**" for each & > 0. There is a unique M,,,-valued diffusion satisfying the
martingale problem (7.7) for each m € M,,,. (C, must be replaced by the obvious
dual class of continuous functions.) The analogues of Theorems 7.1 and 7.2 hold. It
is not possible to go beyond M, . If m & M, and { X(™} are constructed as in

Xp* exp
Theorem 7.1, then X, =lim,_  X™ is continuous on [0, z,) but X,(B) = o for
any open ball if ¢ > ¢, where

(21,)7" = inf({e: f emelxl dm(x) < oo}.

This is the time it takes for some of the particles at oo to saturate finite balls.

ADDED IN PROOF. Recent developments have shown that the conclusion of
Theorem A continues to hold if A, is replaced by the closed support of X, and
a = 2, and that this extension to closed supports is false if 0 < a < 2. This question
was raised in the introduction.
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